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ABSTRACT

In this paper we prove that two irreducible admissible representations
of positive depth paired by the theta correspondence over a p-adic field
have unrefined minimal K'-types paired by the orbit correspondence. An
application of our main result is that a positive depth character of a
unitary group occurs as late as possible in the theta correspondence.

1. Introduction

Let (U(V),U(V")) be a reductive dual pair of symplectic, orthogonal or unitary
groups in a symplectic group Sp(W) over a p-adic field, i.e., V (resp. V') is a non-
degenerate e-hermitian (resp. ¢ -hermitian) space over F or a quadratic extension
of F, e = -1 and W =V © V. Let g (resp. g') be the Lie algebra of U())
(resp. U(V')) and g* (resp. g'*) be its dual space. Given a small admissible lattice
chain £ of period n in V {cf. section 2}, we can define an open compact subgroup
GpoamofU (V) and lattices g7. _, . g (—d/n)* in g* for each non-negative integer
d. Let U(V) denote the metaplectlc cover of U(V). We can regard G 4/, as a
subgroup via a splitting ﬂ Gedm— G £.d4/n With respect to a generalized lattice

e —

model of the Weil representation of the metaplectic cover Sp(W) of the symplectic
group Sp(W) (cf. [Pan01]). From [MP94], [MP96] and [Yu98b], we know that
every irreducible admissible representation 7 of positive depth of [m has an
unrefined minimal K-type of the form (G g/m. X + 97 .(~d /n)+) where X is a
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certain element in gj. _, " Any two unrefined minimal K-types of an irreducible
admissible representation have the same number d/n which is the depth of 7.

It is known that there is a one-to-one correspondence between some irreducible

———

admissible representations of U(V) and some irreducible admissible representa-
tions of U/'(\VT) (cf. [Wal90]). This is the so-called local theta correspondence
or Howe dualty. In [Pan02a], the author proves that the depths of two repre-
sentations paired by the local theta correspondence are equal. In [Pan02b], the
author proves that the depth zero minimal K-types of two representations paired
by the local theta correspondence are paired by the theta correspondence for a
certain finite reductive dual pair. In this paper we discuss the relation between
minimal K-types of the two representations of positive depth paired by the local
theta correspondence.

We have embeddings g — sp(W) and ¢’ — sp(W). So we get sp(W)* — g*
and sp(W)* — g’* by taking the dual maps. Embed W into sp(W)* as the union
of {0} and the minimal orbit. Then we get the moment maps 9: W — g* and
M W — g’* by restriction. The main result of this paper (Theorem 5.5) can
be described as follows. Suppose that 7 (resp. #') is an irreducible admissible
representation of U/'T]j) (resp. lT(T)'/)) such that = and 7’ correspond in the theta
correspondence. Suppose that the depth of = is positive. Then there is an
element w in W and a regular small admissible lattice chain £ (resp. £') in ¥
(resp. V') such that M(w) +87 _g/n)+ (TeSP- ?JJZ’(w)+g’£*,’(_d/n)+) is an unrefined
minimal K-type of 7 (resp. #n'). One immediate corollary (cf. Theorem 5.6) of
this result is: if (U(V),U(V')) is a reductive dual pair of unitary groups and
m is a character of positive depth occurring in the theta correspondence, then
the dimension of V'’ is greater than or equal to the dimension of V. In other
words, a character of positive depth of a unitary group does not occur early
in the theta correspondence. This is an interesting phenomenon in the local
theta correspondence. In fact, if we take the preservation principle conjecture
for granted, we can determine when a character of positive depth will occur in
the theta correspondence (cf. subsection 5.7). Further applications of our main
result will appear in some other papers by the author.

This paper is a continuation of the papers [Pan02a], [Pan02b]. In particular,
notations and results in [Pan02a] are used here to a great extent. The content of
this paper is as follows. In section 2 we introduce the basic setting of reductive
dual pairs and the Weil representation of the metaplectic cover of a symplec-
tic group. In section 3 we summarize some results on minimal A-types from
[Pan02a]. In section 4, we define the moment maps and discuss the relation of
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moment maps and Cayley transforms. We have our main result in section 5. In
section 6, we prove Proposition 4.3. In section 7, we prove Proposition 5.2. We
prove Proposition 5.3 in the last section.

ACKNOWLEDGEMENT: This work is derived from the author’s dissertation at
Cornell University. The author would like to thank his advisor Professor Dan
Barbasch wholeheartedly for his suggestion to work in this direction and much
help during these years.

2. Reductive dual pairs and the Weil representation

In this section, we provide the general setting of this work. Material in this
section is well-known and can be found in [How79], [MVW87].

2.1. NotATION. Let F' be a nonarchimedean local field, Of the ring of in-
tegers of F', pp the prime ideal, wp a uniformizer of Op, fr := Op/pF the
(finite) residue field and 7 the identity automorphism of F. We assume that
the characteristic of fz is odd, and fix & non-trivial (additive) character + of F.

Let E be a quadratic extension of F\, O the ring of integers of E, wg a
uniformizer of O, fg the residue field of £ and 7g the nontrivial automorphism
of E over F. We make the choice such that wg = wp if F is an unramified
extension, and 7g(wg) = —wg if F is ramified. Let (D,w, ) be one of the
triples (F, wp, 7r) or (E,w@g, 7g). Let O be the ring of integers, p the maximal
ideal and f the residue field of D.

2.2. REDUCTIVE DUAL PAIRS. Let V be a finite-dimensional vector space over
D and e be 1 or —1. A map {(,): ¥ xV — D is called an e-hermitian form if
the following conditions are satisfied:

(z+y.2)=(z,2)+(¥,2); (By+2) = (r.y)+(z,2);

(2.2.1)
(ra,yb) = r{a){z,y)b; (x,y) = er({y, 1))

for any x,y € V and a,b € D. The form is non-degenerate if (z,y) = 0 for all
y € V implies x = 0. The pair (V,(,)) is called a (non-degenerate) e-hermitian
space when (,) is a non-degenerate e-hermitian form on V.

Let (V,(,)) (resp. (V'.(,}')) be an e-hermitian (resp. ¢-hermitian) space over
D such that e’ = —1. Define W := V ©p V’, which will be denoted by V @ V'
later for simplicity. Define a skew-symmetric F-bilinear form {, ) on W by

(2.2.2) () :=Trdp,r({,) 270 ()"
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where Trdp,r denotes the reduced trace from D to F. The pair (U(V),U(V'))
is called a (type I) reductive dual pair in Sp(W) where U(V) (resp. U(V'))
is the group of isometries of (V, (,)) (resp. (V',{,}")).

2.3. WEIL REPRESENTATION AND THE METAPLECTIC COVER. Let (W, {,))
be a symplectic space over F. Let H(W) be the Heisenberg group associated
to the symplectic space (W, {,}). Let (py,S) be the irreducible representation
of HOV) with the non-trivial central character ¢ obtained by the Stone-Von
Neumann theorem. It is known that the symplectic group Sp(W) acts on HW).
Define the metaplectic cover S;(\V/V) of Sp(W) to be the topological subgroup
of Sp(W) x Aut(S) consisting of the pairs (g, M) satisfying the condition

(2.3.1) M o py(h) = pylg.h)o M

———

for g € Sp(W), M € Aut(S) and any h € H(W). The metaplectic group Sp(W)
comes equipped with a representation wy on S given by

(2.3.2) wy(g, M) :== M.

The representation (wy,S) of Sp(W) or the projective representation (M,S) of
Sp(W) is called the Weil representation or the oscillator representation.

2.4. GENERALIZED LATTICE MODEL OF THE WEIL REPRESENTATION. Let p3’
be the conductor of the character ¢ of F, i.e., Ap is the smallest integer such
that the restriction 1/)] AR is trivial. Let A be a good lattice in W, i.e., a lattice
in W such that A*wF CA C A* where

(2.4.1) A* :=={w e W] (w,a) € p*F for all a € A}.

The notion of good lattice depends on the conductor of 4. It is known that A*/A
is a symplectic space over fr. Let K 4 denote the stabilizer of A in Sp(W) and K’
the subgroup of elements g € A 4 such that (g — 1).A* C A. We know that K,
is a normal subgroup of K4 and A 4/R” is isomorphic to the finite symplectic
group Sp(A*/A). Let ¢ be the character of fr defined by ¥(f) := ¥(twp" ")
where # denotes the image of ¢t in Op/pr = fr for t € Op. Let (&g, S) be the
Weil representation of Sp(A*/A), and @, the representation of A 4 inflated from
@g- Let pg be the irreducible representation of the Heisenberg group H(A*/A) on
the space S obtained by the Stone-Von Neumann theorem. This representation
is characterized by the central character ¢. We know that A* x ppf ™' is a
subgroup of H(W) and there is a homomorphism A* x p;\,f ~1 - H(A*/A) by
(a,twpf 1) := (a,f) where @ denotes the image of a € A* in A*/A. Let py,
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Arp—1

denote the representation of A* x pi"~" inflated from p;. Let S(A) denote the

space of locally constant, compactly supported maps f: W — S such that
1 ~
(2.4.2) fa+w) = (5w, a)Fu(a). (),

for any w € W and a € A* (regarded as a subset of A* x p3F~1). For g € Sp(W),
we define Mg] € Aut(S(A)) by

(243)  (Mlg)H)w /'w (@ w))Fola).(Flg™ (0 + w)))da

where g € Sp(W), f € S(A), w € W and da is a Haar measure on A*. It is easy

to check that (g, M[g]) belongs to Sp(W). We can normalize the Haar measure
da such that

(2.4.4) (MIK].f)(w) = Gy (k)-(f (k™ w))

for k € K4, f € S(A) and w € W. Let K, be the inverse image of I 4 in
S;(\Vg) under the extension Sm) — Sp(W). The map K4 — L4 given by
k ~ (k. MT[k]) defines a splitting of the extension Ay — K 4. Therefore, if we
identify 4 as a subgroup of S/p(\)/% by the splitting k — (k, M{k]), then wy (k)
becomes wy,(k, M[k]) = M[k]. This model (wy,S(A)) is a generalized lattice
model of the Weil representation of Sg(\VV)

For a union of A*-cosets @@ in W, we define

(2.4.5) S(A)g := {f € S(A) | f has support in Q}.

For w € W, define S(A),, := S(A)w4+4-. The dimension of S(A),, is clearly equal
to the dimension of S. Suppose that B is a lattice in W such that B* C B. It is
known that the lattice B* acts on the Weil representation (wy,S). Moreover, if
B* C A C A* C B, then it is also known that S(4)F" = S(4)p (cf. Lemma 8.2
of {Pan02a}}.

2.5. LOCAL THETA CORRESPONDENCE. From the definition of the form {,)
we know that there exists an embedding ¢y: U(V ) — Sp(W) depending on V.
Let U(V) be the inverse image of Lvr(U(V)) in Sp(W). Let U(V’) be deﬁned
similarly. One can check that U (V) and U (V’ ) centralize each other in Sp(W)
Let {wy.,S) be the Weil representation of Sp( W)} with respect to the character
of F. Then (wy, 8) (ﬁl\l/be regarded as a representation of @ X U/'(Tﬂ/) via the

e ——

restriction to lT(\/V) -U(V’) and the homomorphism l/f-(\/V) xU(V') — (7(\\//) UV,
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An irreducible admissible representation (7, V') of (7(\}7) is said to correspond to
an irreducible admissible representation (7', V') of U(V') if there is a non-trivial

—— T

U(V) x U(V') map
(2.5.1) II: § — Voc V.

This establishes a correspondence, called the local theta correspondence be-

g

tween some irreducible admissible representations of U(}) and some irreducible
admissible representations of U(V’). It is proved by R. Howe (cf. [MVW87]
chapitre 5) and J.-L. Waldspurger (cf. [Wal90]) that the local theta correspon-

dence is one-to-one (when the characteristic of fp is odd).

3. Unrefined minimal K-types

Most of the definitions and results are from [Pan02a]. Details can be found there.
Please also check [Yu98b] and [Yu98a).

3.1. LATTICE CHAINS. Let (V,(,)) be a (finite-dimensional non-degenerate)
e-hermitian space over D. Let L be a lattice in V, i.e., a (free}) O-module whose
rank is equal to the dimension of V. Fix an integer x for V. Define

(3.1.1) L' ={veV|{vl)ep®forallle L}

It is clear that L* is also a lattice in V. The lattice L* is called the dual lattice
(with respect to the integer k) of L. The lattice L is called a good lattice
if L*«w C L C L*. A good lattice is said to be maximal (resp. minimal) if
it is a maximal element (resp. minimal element) in the set of all good lattices
with partial order given by inclusion. Two lattices L, L, are said to be similar
(notation: Ly ~ L) if Ly = Law* for some integer k.

Recall that 1 is a character of F' with conductoral exponent Ap. Define A := Ap
if D is F or an unramified quadratic extension of F, XA := 2Ap — 1 otherwise.
Let & (resp. ') be the integer used to define the dual lattices in V (resp. V') in
(3.1.1). We make the following assurnption,

(3.1.2) K+ K = A

throughout the paper. We also assume that the duality of lattices in W is defined
with respect to the integer Ap.

It is known that (cf. [HM89]) the affine building of GL(V) can be parameterized
as collections of lattices in V. Now we consider the analogue for other classical
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groups. A non-empty collection of lattices £ := {L;}icz in V is called a lattice
chain in V if the following conditions are satisfied:
(i} L is totally ordered by inclusion, i.e., L;11 € L; for each i.

(ii) There exists a number n such that L;y, = L;w for all 4.

(iii) Bach lattice L; is similar to a good lattice or the dual lattice of a good
lattice.

The number 7 is called the period of £. A lattice chain £ is regular if L; # L;
whenever i # j. A lattice chain £ is called a small admissible lattice chain
with numerical invariant (n,7n¢) where n is a positive integer and ng = 0 or
1 if it has period n and the following two conditions are also satisfied:

(iv) LY = L_;_p, for all i when n is even and ng = 1; L} = L_;_,, for all
i Z 0 or n/2 (modn) when n is even and ng = 0; LY = L_;_,, for all
i#(n—1)/2 (modn) when nisodd and ng =1; L = L_;_,, foralli # 0
(modn) when n is odd and ng = 0.

(v) L’[n_l_nuw C Ltn—l—nQJ - CLiCLyCLyand L* ;] C L1 CL_3C
2
-CL CcrL*

Ln+n j w C L Ln+nQJ 1
A lattice chain £ := {L;};ez is self~-dual with numerical invariant (n,ng) if
it has period n and L} = L_;_,, for all i. Clearly, a self-dual lattice chain is

small admissible. It is also clear that a small admissible lattice chain for n even

-2t

and ng = 1 is self-dual.

3.2. OPEN COMPACT SUBGROUPS. Let (G,G') := (U(V),U(V')) be a reduc-
tive dual pair. Let £ := {L;};ez be a small admissible lattice chain in ¥V with
numerical invariant (n,ng). Define

(3.2.1) =1,

—i—ng"*

Clearly we have LIi cL! | and L§+n = L?w for any i. It is known that
LiCLiCLiy

for any ¢ (cf. Lemma 4.5 of [Pan02a]). For any positive integer d, we define
(3.2.2)
Gram =19 € G| (9—1).Li C Liya, (g—1).LE C LE,, for all i},

Geramyr ={9€ Gl (g—1).Li C LI, 41, (9—1).LF C Liyq for all i}.
It is known that G 4/n and G (q/n)+ are open compact subgroups of U(V)

(cf. [MP94] and [Yu98b]). We know that G (q/n)+ is a normal subgroup of
Gr,a/m and the quotient group Gr a/n/Gp (q/m)+ is abelian. If £ is self-dual,
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then L} = L; for all 7 and (3.2.2) becomes

Gram={9€G|(9—1).L; C Liyq for all i},
Geram+ ={9 € G [(g=1).Li € Liyqy1 for all i}.

Let g be the Lie algebra of U(V) and g* the dual space of g. Regard g as a
subspace of Endp(V) and define

9c.ajm ={X € 8| X.L; C Liya, X.L} C L}, for all i},

(3.2.3) i ] i _
8c,d/myr =X €9 X.Li C Li, 410 X.Li C Liyq for all i}

for any d € Z. Hence, {g; 4/r | d € Z} forms a filtration of lattices in g. We can
define lattices 92,4 /n and 92,( )+ in g* similarly. Moreover, it is known that
there is a natural isomorphism between the Pontrjagin dual (G 4/n/G ¢ (a/n)+)"
of Gz 4/n/Gr (d/n)+ and the quotient gz‘,—d/n/g*ﬁ,(——d/n)*' of additive groups, i.e.,
a character of G q/n /G (4/n)+ can be regarded as a gzy(_d/n);coset in 92,—d/n'
Later on, we will identify g* with g via the trace form (cf. [MP94]). In particular,
g:d/n will be identified with g_q/,,. Hence, a character of Gﬁyd/n/Gc‘(d/n)ﬁ» can
be regarded as a gz (_q/n)+-cOSet in g _g/n-

3.3. A SpuITTING. Let £ := {L; | i € Z} (resp. L' = {L | j € Z}) be
a small admissible lattice chain in V (resp. V') with numerical invariant (n,ng)
(resp. (n,ng)). Fix an Iwahori subgroup I of U(V). We know that each Gz (q/n)+
has a conjugate which is a subgroup of I. Moreover, we know that

9G e amy+9 " = Gy (dyny+

where ¢g.L := {g.L; | L; € L}. We shall only consider the lattice chains £ such
that G (4/n)+ is a subgroup of I.
For any integer s we define

(3.3.1) AL, Ly= () oLj+ (| LioL}.
i+j=s i+j=s

Define v := (i_—rfo—:ﬂ’?ig] and

7

Ly © Ly, if n =1, L is self-dual and ng = nf, = 0;
(332) A=qL_ ;0L w, ifn=1, Lisself-dual and ng =ny=1;

AL L), ifeithern>20rn=1,ng+nh = 1.

Then it is known that A is a good lattice in W (cf. Lemma 9.4 in [Pan02a)). Let
K4 and I’y be defined as in subsection 2.4.



Vol. 138, 2003 LOCAL THETA CORRESPONDENCE 325

LEMMA: For any positive integer d, 1y:(G 4/r) is a subgroup of Ky where 1y
is the embedding given in subsection 2.5.

Proof: Let g be an element in ty'(Gr 4/,). First we suppose that n = 1,
L is self-dual and ng = ng = 0. Now A* = L§ @ Ly = Lo @ Ly and Gz 4/ =
{9€G|(g—1).Lo C Low?}. Then we have (g~ 1).4* C Low @ Lj C A.

Next suppose that n = 1, £ is self-dual and ng = nf = 1. We know that
L™ CL_; CL*w ! by (v)in subsection 2.1. Now A* = L* |, @ L"*;w" ! =
L_y@L" and Ggam ={9€G|(9—1).L_1 C L_;w?} from (3.2.2). Then we
have (9 —1).A*C L, © L™ o C A.

Now we consider the remaining cases. It is not difficult to check that A* =
ﬂiﬂ.:pLg 9 L; + ﬂi—}—j:pLi o) L;ﬁ where p:= —v —ng — ng —n+ 1. We have

g-n.Ac () teLi+ ) LoL}
i+j=p+d i+j=p+d

Since v = f%ﬁéﬁ], it is clear that v < p + d for any positive integer d.
Hence, (g —1).A* C A. So ty/(G.q4/n) is a subgroup of R”). |

We know that the generalized lattice model (wy, S(A)) of the Weil represen-
tation gives a nice splitting B4: K4 — K4 (cf. [Pan01]). Since 1y (G q/5) is a
subgroup of K 4, we will identify Gz q/n, With 34(ty (G q/n)) for simplicity.

3.4. UNREFINED MINIMAL K-TYPES. Let (7,V) be an irreducible admissi-
ble representation of (/7-(\/12) Let d be a positive integer. A pair (G 4/n.¢),
where £ is a regular small admissible lattice chain in V and ( is a character of
Gr.d/n/Gc(djny+- is called an unrefined minimal IK-type (of positive depth)
of m if the following two conditions are satisfied.
(i) The fixed point set VY.t is non-trivial and the representation of the
group Gz q/n/Gr (d/n)+ oD the space VCeia/m* contains ¢.
(ii) The character ¢, realized as a 97 (- dyn)y+-COSEL in gj _, I contains no
nilpotent. element.

The following proposition is from the results in [MP94], [MP96] and [Yu98b].

ProrosiTIiON: Every irreducible admissible representation (x, V') of U (V) of pos-
itive depth has an unrefined minimal K -type (G 4/n.C) for some positive integer
d and some regular small admissible lattice chain £ of period n.

3.5. Let £ :={L; | i € Z} be a regular small admissible lattice chain in V
with numerical invariant (n,ng). If d is a positive integer and £’ := {L] |i € Z}
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is a small admissible lattice chain with numerical invariant (n,n() such that
—n —ng — ng — d is even, we define

(3.5.1) B(L, L d/n) = [ LieLin [ LioLj

i+j=p i+j=p
where p 1= (—n—mng—nf—d)/2. It is known that B(L, L',d/n)* C B(L,L'.d/n)
for any positive integer d where B(L, £',d/n)* is the dual lattice of B(L, L', d/n)
in W. Therefore, from subsection 2.4 we know that the lattice B(L, £/, d/n)*
acts on the Weil representation (wy,S). For a given £, let Q(d) denote the set
of small admissible lattice chains in V' with numerical invariant (n, ng) such that

n + ng + ny + d is even. The following proposition is from [Pan02a] proposition
6.3.

ProprosiTION: Let (U(V),U{V')) be a reductive dual pair in Sp(W). Let d be a
positive integer and L a regular small admissible lattice chain in V with nurggi/cal
invariant (n,ng). Let (wy,S) be a model of the Weil representation of Sp(W).
Then

(3.5.2) ch.wm:ww(H/)( ) SB(L',L',d/n)*>
£'eQ(d)

e

where H' is the Hecke algebra of U(V').

4. Moment maps

As usual, let (G, G’) := (U(V),U(V")) be a reductive dual pair and v a character
of F of conductor pj©.

4.1. CAYLEY TRANSFORMS. The Lie algebra g of U(V) consists of elements
¢ € Endp (V) such that {c.v,v") + (v, c.v’) =0 for all v,v" € V. If ¢ is an element
of g and 1+ ¢ is invertible, then we denote the element (1 —¢)(1 +¢)~! by u(c).
Similarly, if v is an element of U(V) and 1 + u is invertible, then we denote
the element (1 — u)(1 + u)™! by c(u). It is easy to check that u(c) (resp. c(u))
belongs to U(V) (resp. g) when it is defined. For x,y € V we define an element
¢y € Endp(V) by

(4.1.1) Coy¥ = (Y, v) — ey(z,v)

where v € V. It is easy to check that c; , belongs to g. Moreover, we know that
every element in g is an F-linear combination of elements of the form ¢, 4, for
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x,y € V. Define
(4.1.2) Upy = U(Cry)
when 1+ ¢, is invertible. If u, , is defined for some x,y € V, then it is easy to
check that 1+ ugy is invertible and c(u; ) = ¢z y.
4.2. THE TRACE FORM. Let B denote the trace form of the Lie algebra g, i.e.,
B: g x g — F is defined by

B(X,Y) := Trdp,p(tr(XY)),

where tr: Endp (V) — D denotes the usual trace map of matrices and Trd: D —
F is the reduced trace of D over F. The trace form B’ on g’ is defined similarly.
We know that B is a symmetric F-bilinear form on g. It is easy to check that

Cry © Cz.v(a)

=cgy(2(v, a) — ev(z,a))

=x((y.2)(v,a) — (g, v){z,a)) — ey((z.2)(v, a) — e(z,v)(z.a))

=2((y, 2)(v, a) — {y, v) (2, a)) + y((x, v)(, a) — €(x, 2) (v, a})
for any x,y,2,v,a € V. Let e1,...,e,, be a D-basis of V. Define (e;, ;) 1= §;;
and extend the definition by F-linearity so that (,) becomes a hermitian (or
symmetric) form on V, i.e., (e;a,e;b) = 7(a)bd;;. Then {ey,..., ey} becomes an
orthonormal basis of V with respect to the form (, ). Hence, any element x € V is

written uniquely as 3_; e;(x, ;). We have tr(c; y0c..0) = 3 (cry 0 Cou(er), ).
Now from (4.2.1) we have

Z(nyOCZ“(ei) i)
—Z (g, 2)(vs €3) — e(y, v)(z ) + y((T, ) (2, €5) — €(x, 2){v, €4)), €7)

(4.2.1)

= Z (2, €)({y, 2) (v, €3) = €(y, v) (=€) + (g €) ({z, V) (2, €0) — €z, 2) (v, €3)).

i

Therefore, we have

%(c.l‘.ya Cow) = TrdD/F(tr(Cr,y 0cz.))
=Trdp/r (Z(I, e:)((y, =) (v.e;) — e(y, v){(z, e;))

i

+ (e (2.0}, €)= e, =) (v, e2)))
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=Trdp,r (3 (4 2)0, eilw, e0)) — ey, )z, el €0))

()2, il ) — el 2) (0, (v e4)) ).
Because x = ), e;(z,¢;) and y = Y, e;(y, €;), we have
B(Coys C20)
=Trdp,r({z, v)(z.9) + (y, 2){v,2) — €({z, 2)(v, ¥} + (¥, v} (2, 7)))
=Trdp/r((27((z,v)) — evt((x, 2)), 9) + (vT((y, 2)) — €27({y, v)), 7))

= Ty ({e2{,2) — vz, 2)), ) + (e0z,8) — (0, ),2)
= TrdD/F(—(cz,v-y, ) + €{C2 0T, Y))

where 7 is the fixed involution of D over F' given in subsection 2.1. Because any
element X in g is an F-linear combination of elements of the form c; , and B is
F-bilinear, we have the following identity:

(4.2.2) B(czyy X) = Trdp/r(—(X.y, z) + (X 2,9))

for any z,y € V, X € g C Endp(V).

4.3. MOMENT MAPS. Recall that W=V ® V' is an F-space. Let 9: V@ V' —
Homp(V,V’) be the isomorphism of F-spaces given by

(4.3.1) d(v1 ® v2)(z) := volvy, &)

for v1,x € V, vy € V'. Similarly, let ¢': V& V' — Homp(V', V) be the isomor-
phism of F-spaces given by

(4.3.2) ¢'(v1 © v2)(y) := vi{va,y)

for v1 € V, vg,y € V'. Define the moment map My: W — Endp(V) by

(4.3.3) Mo (w) := ¢'(w) o p(w).

Suppose that w =Y, a; © b; is an element in W for a; € V, b; € V'. Then
Mo(w)(z) = ¢'(w) o p(w)(z) =¢’(w)<2bi(ai,:v))
= Zaj (g, T
—Z (st b s, ) + 5 b1 (a3,29).
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Then from (2.2.1), we have
1 ! € !
Wo(w)(x) = Z (iaj(air((bj, bl> ),.17) - §ai<aj(bj,bi) ,17>).
7.]
Hence, we conclude
€
(4.3.4) Mo(w) = — > Caray (5y.5)'-
i

In particular, the image of the map My is in g. Define the map I: W — g by
(4.3.5) M(w) 1= —ewp T Mo(w) = —w}; Ar ani.ag(bg,m)"
,J

Similarly, we define the moment map M,: W — ¢’ by w — ¢(w) o ¢/(w). If
w = Zi a; O b; is an element in W, then we have

1
7 — €
w) = *5 E Cb,.b,(aj,a,)
6,

by the same computation as above. Define the map 9: W — g’ by

-
M () = My () = s “Zfb by )

PROPOSITION: Let L be a regular small admissible lattice chain in V' with numer-
ical invariant (n,ng) and £’ a small admissible lattice chain in V' with numerical
invariant (n,ny). Let d be a positive integer such that n + ng + ng + d is even.
Suppose that w is an element in B(L,L'.d/n). Then M(w) is in gz _q/n-

The proof of this proposition is in section 6.

5. Moment maps and unrefined minimal K -types

In this section we describe the relation between the orbit correspondence and
unrefined minimal K'-types of the two representations of positive depths paired in
theta correspondence for a reductive dual pair (G, G’) := (U(V),U(V")). Material
about moment maps and orbit correspondence can be found in [Ada87] and
[KKS78].

5.1. Let (m, V) (resp. (7', V’)) be an irreducible admissible representation of
the covering group [7(\/12) (resp. ll/f(\]}’/)) such that = and =’ are paiE(E/by the

local theta correspondence, i.e., there exists a non-trivial U(V) x U(V') map
O: S — V Oc V' where S is the Weil representation.
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LeEMMA: Let A be the lattice defined in (3.3.2). Suppose that d is a positive
integer. Then:

(i) A* is contained in B(L, L', d/n);

(ii) (¢ —1).B(L,L',d/n) is contained in A for any g € G (4/n)+.

Proof: Part (i) is Lemma 10.7 of [Pan02a]. Part (ii) follows easily from Lemma
10.8 of [Pan02aj. ]

5.2. Suppose that the depth of (w,V) is positive. Then we can assume that
the depth is d/n for some positive integers d and n. Moreover, we know that V'
has non-trivial G (q/n)+-fixed vectors for some regular small admissible lattice
chain £ in V of period n.

——

ProprosITiON: Let (7, V) be an irreducible admissible representation of U(V)
of positive depth. Then (,V) has a minimal K-type (G a/n,() where L is a
regular admissible lattice chain such that one of the following three conditions is
satisfied:
(i) £ is selfdual, and n =1 or 2;
(ii) L is self-dual, and ged(n,d) = 2;
(iii) ged(n,d) =1.

The proof of this proposition is in section 7.

5.3. Suppose that (m,V) has a non-zero vector fixed by G (4/n)+ for some
regular small admissible lattice chain £ in V with numerical invariant (n,no).
By Proposition 3.5 we know that there is a small admissible lattice chain £’ in V'
with numerical invariant (n, ng) such that n-+ng+ng+d is even such that the map
II: SBL,Ld/n)" _, V ©e V' has non-trivial image. Let A be the lattice defined
in (3.3.2). We know that A* C B(L, L,d/n) by (i) of Lemma 5.1. Therefore, we
know that S(4)B(£.£"d/n)" — S(A)B(z,z,4/n) from Lemma 8.2 of [Pan02a] where
S(A) is the generalized lattice model of the Weil representation with respect to
the good lattice A. Since S(A)p(c.c'.d/n) = Lwene,cr ajm) S(Aw, there is a
vector w € B(L,L',d/n) and a non-zero element f € S(A), such that II(f) is
non-trivial.

From subsection 3.3 we know that G 4/ is regarded as a subgroup of K.
Suppose that f € S(A), and g € G 4/»- Then from our choice of splitting we
have

(wy(9)-H)(w) = (M[g]-f)(w) = &y (9)-(flg™"-w))
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from (2.4.4). Because g is in Ky, the action @y(g) becomes trivial. Hence, we
have

(wyl(@)-f)(w) = flg™ w) = F((g7" = 1).w + w).

Because (¢g~! — 1).w is contained in A by (ii) of Lemma 5.1, we have

(wlg)-Nw) = v (50w (7 = wd) fw) = (5406 — Dw.w) ) f(w)

from (2.4.2). Because G 4/, is a subgroup of R, we know that the map 1, g —
¥(%{(g — 1).w,w)) is a character of G, 4/ by Lemma 8.5 of [Pan02a]. Thus
Gz.4/n acts on the one-dimensional space spanned by II(f) via the character ¢,,.
By (i) of Proposition 6.2 in [Pan02a] we know that G (q/n)+ acts trivially on the
space II(f). Hence, we can and will regard 1, as a character of G g/n /G (d/n)+-

From the previous paragraph we know that the action of G 4/n/G (a/n)+ O
VEeua/m* contains the character iy,. If the 9c.(—d/n)+-coset in go _q/y, present-
ing 1/, contains a nilpotent element, then from Theorem 5.2 of [MP94] we know
that the depth of 7 is strictly less than d/n. This contradicts our assumption
that the depth of 7 is d/n. Hence, (G 4/n, %) is an unrefined minimal A-type
of (m,V). Now we consider the other side. We have the following proposition
whose proof is in section 8. It was J.-K. Yu who observed (ii) of this proposition
should be true.

ProPOsITION: Let £, d, n, L', w be given as above.

(i) Suppose that ged(d.n) = 1. Then L' is regular.
(ii) Suppose that ged(d,n) = 2 and L' is not regular. Then there exists a
regular small admissible lattice chain M (resp. M') in V (resp. V') with
numerical invariant (n/2,mg) (resp. (n/2,m{)) for some mq, m{, such that

n/2+d/2 -+ mp + my is even and w belongs to B(M, M’, Z—//ZQ—)

Renaming M’ as £’ (M as L, n/2 as n, and d/2 as d) if necessary, we may

say that £’ is a regular small admissible lattice chain in V’. Define the character
yr, of G,ll’,d/n by

v o' o (5006 D))

for ¢' € ch/|d/n. We know that the restriction of ¥/, to Gl[,’,(d/n)"’ is trivial
because w is in B(L, L', d/n). Hence, we regard v, as a character of the quotient
group G, 4 /n /G, (4/n)+- BY the same argument before Proposition 5.3 we know
that the g7, /. 4-coset in g, . presenting the character ¢/, cannot contain
any nilpotent element. Otherwise, the depth of (7', V") is strictly less than d/n.
But we know that the depth of (7, V) is equal to the depth of (7', V') by Theorem
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6.6 in [Pan02a]. Thus we see that (G, ; Jn ¥,,) is an unrefined minimal K-type
of (', V).

We summarize what we have obtained up to now. Suppose that (7,V) and
(n', V') are two irreducible admissible representations paired in the theta cor-
respondence and the depth of one representation is positive. Then there is a
regular small admissible lattice chain £ (resp. L) in V (resp. V') of period n and
a element w € B(L, L', d/n) such that (G g/n,Yw) (vesp. (G’L,’d/n,@b{v)) is an
unrefined minimal A-type of (7, V) (resp. (7', V')).

5.4. Let £ and d be given as in subsection 5.2. The Cayley transform induces an
isomorphism of abelian groups between G 4/n/Gr (a/n)+ a0d Gz.a/m/8z.(d/n)+
defined by

(5.4.1) 9+ Grmr = (1=} 1+ 9) 7 + 82 a/m)+

for g € G a/n- The trace form B of g gives an isomorphism between g and g*.
Moreover, it induces an isomorphism from gz 4/n/8c (a/n)+ tO gz‘d/n/gz’(d/nyr
defined by

(5.4.2) X+ e, (d/n)+ = (Y= B(X,Y))+ g*ll,(d/n)+
for X € gz,q/n and Y € g. We know that there is a non-degenerate pairing
(5.4.3) 8c.d/n/8c,(d/m)+ X 87 —djnl B (—ajmy+ — FF
given by
(X + 8. (a/ny+> Z + 82 (—ayny+) = Z(X) (modpr)

for X € gc g/ and Z € g7 _4 n Therefore, we have the isomorphism between
g’z’_d/n/gz)(_d/n)Jr and the Pontrjagin dual (g2 4/n/8c,(a/n)+)" given by

(5.4.4) Z 497 Capmpr = (X +8z,amp+ = W(Z(X)wp" ™)

for X € gz,4/n and Z € g7 _,,, By (5.4.1), (5.4.2) and (5.4.4) we obtain an iso-
morphism between the Pontrjagin dual (Gz.a/n/Gz (a/n)+ )" of G a/m/G e (d/my+
and the quotient g, _q/n/8c (—d/n)+- Therefore, there is an element X, €
9c,—d/n such that the coset Xy + g (_q/n)+ represents the character ), of
Gr,a/n/G e (djny+- In fact, the condition

(5.4.5) Yulg) = H(B(Xy, (1—g)(1+g) =y ™)

must be satisfied for 1,,, X,, and any g € G 4/,. Now

wear =i (50) = (105 ()



Vol. 138, 2003 LOCAL THETA CORRESPONDENCE 333
Clearly B(X, 271 302 (552) /w7 *1) belongs to the kernel of 1. Hence, (5.4.5)

becomes

(5.4.6) 'd'\w(g)=d’(‘B(Xw~T( 9)) . 1)

for any g € Gz a/n-

5.5. Let w,.X,, be as in subsection 5.4. Now we want to investigate the relation
between w and X,, in more detail. Assume that w = >, 7v; ©7; is an element
in the lattice B(L,L£',d/n) for some v; € V, 1; € V'. From the definition of the
form ¢, ) in subsection 2.2 we have

N
| bt

[ R )

¥ (5409 — D w))

<<Z(9 =1y O, Zi:% @ 771‘>>>

i

Ty (S0 Vi) )

i

I
<

=

=05 edore ( Sllo = VDevemhrllna ) + (g = Dprdritngnd) ) )
i

for g € Gz 4/n. Because €€ = —1 and Trdp,p(ab) = Trdp,p(ba) for any two
elements a, b in D, we have

" )., w))

Trdp,r ( (g = )-yis —evi(ngom)') + (g — 1)-7'j<nj~m>’,%>))

N l\Dl’—‘

(54

-+

=1/’(‘B( 2 Coiyy (0 ma)’ a.l(l—g)))
(=(2

1 Ap—1
=y B Z wF mm(m’m)’@(l g))wFF )

by (4.2.2). Hence, by (5.4.6), X,, can be chosen to be %w},—“ Z” Coyy iy, 0y i)
which is just M (w) defined in subsection 4.3. Similarly, if £’ is a small admissible
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lattice chain and ¢’ is an element in G,z:', /> then we have

o(346 = D) = (5 Tdoe ( Ewdr((s' - Den)) )
0]
=1 (% Trdp,F (;((g' = 1).mi,m5)' 7 (v, w))))
=1 (%,<;j %cmmg‘hjm)l’ %(1 - g,)>>

1 ., 1 -
=1 (%I<Z Ew}«“ " Cnimy (i 5(1 - 9/)> wé’p 1)-
(5

The last equality is obtained by the same argument as above. Note that we have
used the property Trdp,r(a) = Trdp,r(7(a)) for a € D. We summarize our
discussion as the following theorem which is our main result in this paper.

THEOREM: Let (G,G') := (UWV),U(V')) be a reductive dual pair of
orthogonal, symplectic or unitary groups. Let (m,V) (resp. (z',V’)) be

an irreducible admissible representation of U(V) (resp. U(V')). Suppose that
m, 7' correspond in the theta correspondence and the depth of (m,V) is posi-
tive. Then there exist a positive integer d, an element w € W and a regular
small admissible lattice chain £ (resp. L) in V (resp. V') of period n such that
(Gra/m DUW) + 8z (~am)+) (resp. (Gl gy T (w) + 02 (—d/n)+ )) is a minimal
K-type of (w, V) (resp. (x',V")).

5.6. AN APPLICATION. In this subsection we give an application of Theorem
5.5 to theta correspondence for a dual pair of unitary groups. Now we assume
that D is a quadratic extension of F. Hence, both U(V) and U(V’) are unitary
groups. Let x be a non-trivial character of C/TTV) of positive depth. It is not
difficult to see that the unrefined minimal K-types of x must be of the form
(Gg.d/n,€) for some positive integers d and n where ( is presented by a coset
X +09c.—(d4/my+ and X is a non-zero scaler matrix in g C End(V). Suppose that o

is an irreducible admissible representation of 17(\17) of depth strictly less than the
depth of x. Then it is clear that ¢ © x is an irreducible admissible representation
of U/'?l;) of depth equal to the depth of y. The coset X +gc _(a/n)+ still presents
the second component of an unrefined minimal K-type of o ® x. Moreover, all
unrefined minimal K-types of o © x must be of this form.

THEOREM: Let (U(V),U(V')) be a reductive dual pair of two unitary groups.
Suppose that o is an irreducible admissible representation of U(V) and x is a
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———

character of U(V) of depth strictly greater than the depth of ¢. If the repre-
sentation o O Yy occurs in the theta correspondence, then the dimension of V' is
greater than or equal to the dimension of V.

e —

Proof: Let n’ be the irreducible admissible representation of U(V’) correspond-
ing to ¢ © x. By Theorem 5.5 we know that there exist an element w € W
and a regular small admissible lattice chain £ (resp. £') in V (resp. V') such
that U (w) + gz (—a/n)+ (resp. M (w) + g’m(_d/n)*_) is the second component of
an unrefined minimal K-type of o ® x (resp. 7). From the remark before the
theorem we know that 9t(w) must be a scalar matrix. In particular, the rank of
the matrix 9M(w) is equal to the dimension of V. From (4.3.3) and (4.3.5) we see
that the rank of M(w) is less than or equal to the minimum of the dimensions
of V and V'. Hence, the dimension of V' has to be greater than or equal to the
dimension of V. |

——

This theorem says that certain irreducible admissible representations of U{V)
cannot occur too early in the theta correspondence.

5.7.

COROLLARY: Let (U(V),U(V')) be a reductive dual pair of two unitary groups.
Suppose that x is a character of U(V) of positive depth and occurs in the theta
correspondence. Then the dimension of V' is greater than or equal to the dimen-
sion of V.

Proof:  This follows from the previous theorem by taking ¢ to be the trivial

—

representation of U (V). 1

It is well known that the corollary cannot be true if \ is not assumed to be of
positive depth.

Let o be an irreducible admissible representation and \ a character of (767)
such that the depth of o is strictly less than the depth of y. It is obvious that
o &\ is still an irreducible admissible representation of l/-T(\/V) Let sgn denote the
sign character of U/(V). We regard sgn as a character of E(TJ) via the extension
(7(\1;) — U(V). Let V'* be the ¢/-hermitian space given by the condition

mi(mi—l)

ep/p((-1) "= T det(V')) = £1

where m¥ is the dimension of V'*. Let mg (resp. my ) denote the dimension of
V'* (resp. V'~) such that o\ (resp. (o © ) ©sgn) first occurs in the theta cor-
respondence for the reductive dual pair (U(V), U(V'")) (resp. (U(V),U(V'7))).
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It is conjectured in [MHS96] that
(5.7.1) mg +mg =20 +2

where [ is the dimension of V. According to Theorem 5.6, we must have mg > !
and mg > l. Therefore, if the preservation principle (5.7.1) is true, then we
conclude that

b o= JLt+ 2}, when mZ and [ are of the same parity;
{mg.mg} =
ER {l+1,1+1}, when mg and [ are of the opposite parity.

6. Proof of Proposition 4.3

6.1.

LEMMA: Let L be a regular small admissible lattice chain of period n inV, d a
positive integer and « the integer in (3.1.1). Then gz _q/y is generated by those
Cz,y's with x,y € V satisfying the following two conditions:

(i) = in Lg,y in L; for some i,j such thati+j > ~d —1+n —ng — kn:

(ii) xin Ly, y in Lju., for some ', j' such that V' + j' > —d — 1+ n —ng — sn.

Proof: By Proposition 7.3 of [Pan02a] we know that g; 4/, is generated by
those ¢; ,'s with &,y € V satisfying the following conditions:
ordr:(z) + ordz,,,(y) > —&; ordr:(y) +ord,, ,(z) = —&:

6.1.1)
( ord(Lg)*(;v) +ordLg+d(y) > —kK; ord(Lg)*(y) +ordLg+d(x) > —K

for all j € Z. By the same proof of Corollary 7.7 in [Pan02a] we can show that
the conditions in (6.1.1) are equivalent to (i) and (ii) of the lemma. |

6.2.

LEMMA: Let £ = {L;};cz be a small admissible lattice chain with numerical
invariant (n,ng), and x the number defining the duality of lattices in (3.1.1).
Then

(6.2.1) (Ls, L§,> C prtliititno)/n],
for any integers i, j.

Proof: We have L! = L*,_ from (3.2.1). So if —j —ng +n > > —j — no,

then (Li,Lg) C pr = prtllititno)/nl Since Liyrn = L;w® for all i and k, the
lemma follows easily. 1
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6.3. PROOF OF PROPOSITION 4.3.

Proof: Suppose that w is an element in B(L, £, d/n). Write w = )", a; ©b; for
a; €V, b; € V'. We know that

B(L,Ldfn)= () LioLlin [} LioL]

i+j=p i+j=p

= Y rLolfin Y Lolr
i+j=p+n—1 i+j=p+n-1

(6.3.1)

where p := (—n — ng — ny — d)/2. Suppose that a; € Ly, b; € L;f,, a; € L?,
b; € L}, for some k,k',1,I'. Then we can require that
k+k' >p+n-1,

6.3.2
( ) I+ >pu+n-1

by (6.3.1). Now we have (b;, b;)’ € p*' TL'++m0)/2] by Lemma 6.2. Then

b &' +(B"++nY/n| _ 1t
(6.3.3) aj(bs, bs)' € Liw . rol/ml = Ls+(n'+L(k'+z*+na)/nJ)n'
Note that
3\ = AR if D is unramified over F’;
T 1 2Xp —1 if D is ramified over F.
Hence, pIF_“’ = p'~*. Now we have %W}:_/\FCal,aJ(b],b,)' = %caiw}‘”,a,(b].bn“
50
(6.3.4) a;@p M € Lipp M = Lep' ™ = Ly (1—n—r')n-

Then we have

E+(Q—r—r)n+l+ (& + (K +1U'+ng)/n))n
>k+(1-k—rn+l+n+k +U+n5+1-n
>—d—-14+n—-ng—rn

from (6.3.2). By the same argument we can show that a;cw'~*F isin L¥, a;(b;, b;)’

is in L, for some r,s such that r +s > —d — 1+ n — ng — kn. Therefore,
—é—wlﬁ“ca“a]@j,bly € gr,—a/n by Lemma 6.1. From (4.3.5), we have M(w) =
%w};“ Zi’j Cay.a, (b, .b,)'- Lhus the proposition is proved. ]
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7. Proof of Proposition 5.2

Proposition 7.1 is used in the proof of Proposition 5.2 in subsection 7.2. In
subsection 7.3-7.7 there are a few lemmas that will be used for the proof of
Proposition 7.1 in subsection 7.8. Most of the approach in this section was
suggested by Jiu-Kang Yu. Let G denote the classical group U(V).

7.1.

PROPOSITION: Let e be a non-negative integer and M be a regular small
admissible lattice chain in V with numerical invariant (m, mqo). Then there ex-
ist a non-negative integer d and a regular small admissible lattice chain £ with
numerical invariant (n,ng) satisfying the following conditions:
(i) d/n=e/m;
(i) ged(d,n) =1; or ged(d,n) =2 and no = 1;
(ii)) G da/my+ € Gm.(e/my+-

The proof of this proposition is in subsection 7.8.
7.2. PROOF OF PROPOSITION 5.2.

Proof: Now we are ready to prove Proposition 5.2. By Proposition 3.4 we know
that an irreducible admissible representation (w, V) of G of positive depth has a
minimal K-type (G a1,e/m,§) where M is a regular small admissible lattice chain
of period m in V.

First, suppose that m = 1 and M := {M,};ecz is not self-dual. In this case,
we know that My # MSw" for any k and M ¢ M. Let £ be the regular
self-dual lattice chain generated by {My, M}. Clearly the numerical invari-
ant of £ is (2,1). Moreover, it is easy to check that Gaq (e+1)/1 = G 2(e4+1)/2
and Gy (e/1)+ = G (2¢/2)+ for any non-negative integer e. Hence, it is clear
that (m,V) has a minimal A-type of the form (G g¢/2,() for some (. Clearly
ged(2e,2) = 2.

Next, suppose that m > 1. Because we assume that (7,V) has a minimal
K-type (Gat,e/m»€), we know that VErm.erm* is non-trivial. By Proposition
7.1, we know that there is a regular small admissible lattice chain £ with numer-
ical invariant (n,ng) and a positive integer d such that G (4/n)+ C G g, (e/m)+-
Hence, Ve /m* is also non-trivial. Therefore, (w, V) must have a minimal K-
type of the form (G 4/n,¢) for some ¢. Now we know that ged(d,n) = 1 or 2.
If ged(d, n) = 2, then we also know that ng = 1. In this case n is even and it is
known that £ is self-dual from subsection 3.1. ]
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7.3. By proving Proposition 7.1. we need few lemmas.

LeMMA: Let M := {M;},cz be a regular small admissible lattice chain of
numerical invariant (m,mg). If M} € M for some t, then M} = M_;_,,.

Proof: This is obvious from condition (iv) in subsection 3.1. 1

7.4. Suppose that M := {M,};ez is a small admissible lattice chain of period
kn with k > 1. Let t be an integer such that 0 < t < k — 1. Let M%* be the
set of lattices {L;}iez with L; :== Mjp4¢. It is clear that if M; € M5*, then
Mj i € MUF for any i. Now Liyn = Miinyktt = Mikttakn = Migprw = Liw.
Hence, M%* is a lattice chain of period n.

LEMMA: Let M be a regular small admissible lattice chain with numerical
invariant (kn,mg) for k > 1. Suppose that mg = 0. Then M%* is regular
small admissible.

Proof: We know that M%* is a lattice chain of period n. It is clear that M%¥
is regular because M is regular. Suppose kn is odd. Then we have M ;=M
for any j # 0 modkn. Now n is also odd and L} = M}, = M_;, = L._; for
any 7 Z 0 modn. Suppose kn is even and n is even. Then we have My =M_;
for any j # 0 or kn/2 modkn. Now L} = M}, = M_; = L_; for any ik # 0
or kn/2 modkn. The condition ik # 0 or An/2 modkn is equivalent to the
condition ; Z 0 or n/2 modn. Suppose kn is even and n is odd. Then we have
M3 = M_; for any j # 0 or kn/2 modkn. Clearly we have L} = M}, = M_;, =
L_; for any i # 0 modn. Clearly condition (v) in subsection 3.1 is also satisfied
for M9%%. Hence, M%* is a regular small admissible lattice chain with numerical
(n,0). |

7.5.

LEMMA: Let M be a regular small admissible lattice chain with numerical
invariant (kn,mp) for k > 1. Suppose that mg = 1 and k is odd. Then MFEE g
a regular small admissible where k' = (k — 1)/2.

Proof: We know that M*'* is a regular lattice chain of period n. Suppose kn
is odd. Then we have M} = M_; for any j # 0 modkn. It is not difficult
to check that the condition i Z (n — 1)/2 modn is equivalent to the condi-
tion ik + &' # (kn — 1)/2 modkn. Now n is also odd and L} = M} . =
M_iy—p-1 = M_(iz1ypqn = L_;—y for any ¢ # (n — 1)/2 modn. Suppose
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kn is even. Then we have M; = M_; for all j. Now n is also even and
L:‘ = A/[i*k+k’ = M—ik—k’—l = M—(i+1)k+k’ = L—i—l for all . It is not diffi-
cult to see that condition (v) in subsection 3.1 is also satisfied for M**. Hence,
MF¥'¥ s a regular small admissible lattice chain with numerical invariant (n, 1).
| |

7.6.

LEMMA: Let M be a regular small admissible lattice chain with numerical in-
variant (kn,mg) for k > 1. Suppose that either (1) mo=1,k=2k' +1,t =k,
or (2) mg=0,t=0. Then for any d > 0 we have

G mer (afny+ S Gad,(kd/kn)+-

Proof: We already know that M** = {L;};cz is a regular small admissible
lattice chain of period n from Lemmas 7.4 and 7.5. Let (n,ng) denote the nu-
merical invariant of M**. Suppose that g is an element in G Mek (d/n)+- Then
(9—1).L; C L§+d+1 for any integer ¢ from (3.2.2). We know

4 I _Af¥ _ aqh
L g =L gng = Mg i—ngyhrs = Mgt 14n0)k—temo-

Then we have (g — 1).Mipqe C M(ni+d)k+k+nok—t—mo for any integer i. First,
suppose that mo =1, k =2k +1,t = %'. Thenng =1 and (g — 1). My sr C
Miﬁk th4akske U J 18 any integer, then there is an integer io such that ik 4+ k' <

j < (io + 1)k + k. Therefore, (g — 1).M; C (9 — 1)-Migksrr S ME o aern S
M£+dk+1~ Secondly, suppose that mg = 0, = 0. Then ng =0and (g—1). My C
Mfk +dkke L[ J 1s any integer, then there is an integer ¢g such that iok < j <
(io + 1)k. Therefore, (g —1).M; € (g — 1).Miok € ME i © MY gy
Because g is an element in G pqt.k (g/n)+, We also know that (g — 1).L§ CLiya

for all . We have
LY=L =M poyhse =M

—t—Ngp (i+n0)k—t—m0‘

Then we get (g — 1).Miﬂk+nok_t_m0 C Miktdr+e for all i. First suppose that
mo=1,k=2k'+1,t =k Thenno = land (9—1).M},, ;, C Mikssr+ar for all .
If j is any integer, then there is an integer ig such that igk+k&' < j < (io+1)k+k'.
If j = 40k + k’, then clearly (g - 1)]\43ti C Mj+dk~ If igk +k < i< (Zo + l)k-l- k',

then we have
(9—1)-M} C(9—1)-Mjo1 C (9= 1)-Migkarnr CME, i
CM;oktk' +dk+k—1
CM;tak-
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Secondly, suppose that mg = 0 and £ = 0. Then ng = 0 and (g——l)‘Mfk C Mikydk-
If j is any integer, then there is an integer i¢ such that igk < j < (io + D)k. If
j = iok. then clearly (g — 1).M! C Mj . If iok < j < (ip + 1)k, then

(g - 1)]\4}1 Q (g - 1).]\41‘_1 C_: (g - 1)-A[iok g Affok+dk+k g]\/[iok+dk+k_1
CM;j4dk.

Therefore, (g —1).M; C M}i+dk+1 and (g — 1)M]’i C Mjtq for any integer j
for both cases. Hence, g is also an element in G aq, (kd/kn)+- Thus we have proved

that GMtvk,(d/n)‘r - GM‘(kd/kn)‘*“ "

7.7.

LeMMA: Let M be a regular small admissible lattice chain of numerical invariant
(4n,1). Let L be the collection of lattices {M; | i = 0 or 3 (mod4)}. Then L is
a regular small admissible lattice chain of period 2n. And for d > 0 we have

G a7y C Gar(adjan)+-

Proof: Because now the period of M is even and mg = 1, we know that M is
self-dual from subsection 3.1. Therefore, we have M, = Mf = M*,_,. But we
know that ¢ = 0 or 3 (mod4) if and only if —i — 1 = 0 or 3 (mod4). Define
L; := Ms; if i is even, and L; := My;11 if i odd. Then it is clear that £ is a
regular self-dual lattice chain. Hence, £ is regular small admissible. And it is
obvious that the period of £ is 2n.

Now if g € G (2a/2n)+ then (g —1).L; C Lij9441 for any i. Then we have

(g —1).My; € Mg y4443. if 7 1s even;
(g — 1)~]\/[2i+1 Q J\/[2'i+4d+2~ if 7 is odd.
Then we conclude that (g —1).M; C M; 4441 for any j. Because M is self-dual,

we conclude that g is an element in G aq (44/4n)+. Hence, we have G (24/2n)+ C

G A, (4d/an)+ - ]

7.8. PROOF OF PROPOSITION 7.1.

Proof: Let k be ged(e,m). Write m = kn and e = kd. Suppose that mg = 0.
Let £ be the lattice chain M%* given in Lemma 7.4. Then clearly d/n = e/m,
gcd(d,n) =1 and Gﬁ,(d/n)+ - GM.(e/m)+ by Lemma 7.6.

Next suppose that mg = 1 and k is odd. Let £ be the lattice chain M** given
in Lemma 7.5 where &' = (k — 1)/2. Then we have d/n = ¢/m, ged(d,n) = 1
and G[”(d/n)+ - GM‘(E/m)-{- by Lemma 7.6.
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Now we suppose that £ = 2 and mg = 1. Then just let £ = M, d = e. Then
obviously d/n = e/m, ged(d,n) = 2 and Gz (4/n)+ € G M, (e/m)+-

Finally, suppose that k is a multiple of 4 and mg = 1. Write m = 4n/ and e =
4d’. Let M’ be the lattice chain £ given in Lemma 7.7. Then we have 2d’/2n' =
e/m, ged(2d',2n") = ged(e,m)/2 and G aq (g /nry+ © Gar(e/my+- Repeat the
process; the situation can be reduced to the previous two cases by induction.
The proof is complete. |

8. Proof of Proposition 5.3

8.1. Let £ = {L;};ez be a regular small admissible lattice chain in V with
numerical invariant (n,ng). Define v; := L;/ Lg 41 for each 7 and v := @?;01 vi.
Identify v; := L; /L’Li 41 With vy o= Lijp / Lg +ny1 Via the multiplication by w.
Then v is a vector space over f and graded by Z/nZ. The quotient gz 4/n/8z,(d4/n)+
can be regarded as a subset of endomorphisms of v. In fact, it is not difficult to
see that an element in gz 4/n/8c (4/n)+ 15 & graded endomorphism of v of degree

—d, i.e., it maps v; to v;_q for each i. The following lemma is from [Yu98b].

LEMMA: Suppose that X is an element in g; _q/n,. Then the following two
statements are equivalent.

(i) The residue class X + gz (_q/n)+ contains a nilpotent element.

(ii) The residue class X + g.,(—a/n)+ IS & nilpotent endomorphism of v.

8.2.

LEMMA: Suppose that one of the following three conditions:
(i) ged(d,n)=1andn > 1,
(i) L is self-dual and n =1,
(iii) £ is self-dual and ged(d,n) = 2,
is satisfied. Then we have

N LoLjn | Lelf= () Lol

i+j=p i+j=p i+j=p
where p:= (—n —ng — ng — d)/2.
Proof: Because L; C Lg and L;» - L;-u, it is obvious that

N LieL;c () eorjn () LioL}.
t+j=p +j=p +j=p
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Now we consider the opposite inclusion. If either L; = Lg or L;- = L;”, then
it is clear that Lg ) L;» NL;& L;-31 CL;® L;. Hence, the opposite inclusion is
obvious when £ or £’ is self-dual. So now we only need to consider the case when
ged(d, n) = 1. Because we assume that n +no +nf+d is even and ged(d, n) = 1,
no + n{ has to be odd when n is even. Suppose that n is even and ng = 1. In
this case we know that £ is self-dual. Suppose that n is even, ng = 0 and ng, = 1.
In this case we know that £’ is self-dual.

Suppose that n is odd, ng = 0 and ny = 0. If L; # Lg and L} # L;»si for some
1,J such that ¢ + 7 = p, then ¢ and j are multiples of n from subsection 3.1.
Hence, pt := (—n —d —np —np)/2 is a multiple of n. So d is a multiple of n. This
contradicts the assumption that ged(d,n) =1 and n > 1.

Suppose that n is odd, no =0 and ny = 1. If L; # Lg and L} # L;-n for some
i, j such that ¢ + j = p, then ¢ is a multiple of n and j = (n — 1)/2 (modn).
Hence, we get (-n—d —ng—nf)/2 = (n — 1)/2 (modn). So d is a multiple of
n. This contradicts the assumption that ged(d,n) = 1 and n > 1. Suppose that
n is odd, ng =1 and ng = 0. The situation is the same as the previous case.

Suppose that n is odd, ng = 1 and nj = 1. If L; # Lg and L;- # L;ﬂ for some
i,J such that i + j = p, then ¢ = (n — 1)/2 (modn) and j = (n — 1)/2 (modn).
Hence, we get (—n —d —2)/2 = n —1 (modn). So d is a multiple of n. This
contradicts the assumption that ged(d,n) =1 and n > 1.

So we have proved that if ged(d,n) = 1, then there is no ¢ such that L; # Lg
and L),_, # L;f_é. So we have either L; = L! or L, ;= L;f_i for all ¢«. Hence,

N LiaLin () LioLlfc () LiaL,
it+j=p i+j=p i+Jj=p

The proof is complete. |

8.3.

LEMMA: Let w be an element in B(L,L',d/n). Then M(w) + gz (—q/ny+ Is a
nilpotent endomorphism of v if and only if ' (w) + g’ﬁ,’(_ d/ny+ 15 @ nilpotent
endomorphism of v'.

Proof: 1t is not difficult to see that 9 (w) + g¢ (—a/m)+ is a nilpotent endomor-
phism of v if and only if there exists a number k such that M (w)F(L;) C L;_pqw@
for all . Similarly, D' (w) + g, (—d/my+ 18 a nilpotent endomorphism of v’ if and
only if there exists a number k such that 9 (w)*(L}) C L}_, o for all i. Write
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w=73,a;Qb; for a; € V and b; € V'. We know that

1 . 1 4_
M(w) = Ew}’_’ ’ anés%(brbz‘)’ and 9 (w) = 5@} i Zcbévb;'(aj,ai)
i.J ig

from subsection 4.3. Note that ¢, 5(x) = a{b, x) — eb{a, z). Hence, it is clear that
M(w) + @r(—dmy+ is a nilpotent endomorphism of v if and only if
M’ (w) + QIL', (—dyn)+ 18 @ nilpotent endomorphism of v/, [ |

8.4. PROOF OF (i) OF PROPOSITION 5.3.

Proof:  The endomorphism (9'(w) + g'ﬁ,’(_d/n),,)” is a combination of
compositions

! / / / — <
(8.41) Vi —r Vi—d —> e = vi—(n—l)d - V’i—nd - V,L'

for all i € Z/nZ. Now suppose that there are two lattices in £ which co-
incide. Hence, a certain vi is trivial. From the assumption ged(d,n) = 1
there is a number & such that 0 < k < n and ¢ — kd = i (modn) for any
i. Hence, (M (w) + g (_g/ny+)" 18 trivial. Therefore, M (w) + 87 (—d/m)+ I
a nilpotent endomorphism of v/. Then by Lemma 8.3, M(w) + gz (—a/m)+ i5
a nilpotent endomorphism of v. Therefore, by Lemma 8.1 the residue class
M(w) + gz, (—d/n)+ contains a nilpotent element. But we know that the coset
IN(w)+g (—d/n)+ Presents the character v, from subsections 5.4 and 5.5. Hence,
the coset M(w) + gr,(—q/n)+ cannot contain any nilpotent element by the argu-
ment before Proposition 5.3. Thus we obtain a contradiction. Therefore, any
two lattices in £’ must be distinct. 1

8.5. Now we start the preparation for the proof of (ii) of Proposition 5.3. First,
we have to construct the lattice chains M and M’. The construction is in this
and the next subsections. The main body of the proof will be in subsection 8.10.
For simplicity in notation we will replace n,d by 2n, 2d respectively from now
on. So now we have ged(d,n) = 1. Moreover, we know that £ = {L;}iez is
a regular small admissible lattice chain in V with numerical invariant (2n,1),
L' = {L!}icz is a non-regular small admissible lattice chain in V' with numerical
invariant (2n,1), and w is an element in B(L,L',2d/2n). We note that both
L and L' are self-dual in the present situation. Because £’ is not regular, we
assume that there is an [ such that 0 <! < n and L; = Lj,,. Define a number

(8.5.1) -n—d-1, ifl+diseven and n is odd;

—d -1, if Il +d is odd;
7 = {
—-2d - 1, if I +d is even and n is even.
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LEMMA: There is a unique integer k' such that L;, .4 is similar to Lj or L}
where 0 < k' < [ﬂ—;—lj for the first two cases in (8.5.1) and 0 < k' < & —1 for
the third case.

Proof: We know that L;*_‘H = L' ,_, from subsection 3.1 because now ng = 1.
Here we need to prove that there is a number &’ such that o' — 2k'd — [ or
n' — 2k'd + 1 + 2 is a multiple of 2n. Note that both ' —1 and #’ +1 + 2 are even
for all three cases. Because now ged(d,n) = 1, there exist integers iy, iz, ji, jo
such that n ~1 = 2i1d + 2j1n and ' +1+ 2 = 2iyd + 2j,n. We may assume that
0 < 11,73 < n. Now

25in + 2jon =0’ — 1 —2iyd + 5 + 1+ 2 — 2ipd

—Q(il + i2 + l)d, ifl+dis Odd;
=< =2(iy +ip+1)d—2n, ifl+diseven and n is odd;
—2(iy + iz + 2)d, if I 4+ d is even and n is even.

This implies that the number ¢; + iz + 1 divides n for the first two cases. By our
assumption, we conclude that iy + i3 + 1 = n for the first two cases. Therefore,
one of 41,142 is less than or equal to [ﬂg—l_l For the last case i + iz + 2 divides n.
Then i) + 42 +2 = n. Therefore, one of 71,4 is less than or equal to 5 — 1. The
uniqueness of &’ is obvious. Thus the lemma is proved. |

Let &’ be the number given by the above lemma. Define a set My of lattices
to be

(8.5.2)
{L{q’——%d}OSiSk' U {L;I’+1—2id}k’+1§_‘i<ﬂ/2—1 u{l". T}, %f n even, | odd;
{L:;’——2id}05iﬁk' U {L:,/+1_2id}k’+1§i<n/2v if n even, [ even:

{L;ﬂ—-%d}oﬁiﬁk' U {L:n’-l»l—2id}k'+lsi<(7l—1)/2 U {F:}, lf n odd, I odd;
{Loy—aiao<isk ULy 1 giabbi<icin-1y2 U{Tw},  ifnodd, I even

where I" (resp. I'})) is a fixed maximal (resp. minimal) good lattice in V' such
that L' C TV (resp. I'l, € L') for any good lattice L' in £’. Now the number of
elements in My is % +1 for the first case and is | 24! ] for others. Therefore, M;,
can generate a small admissible lattice chain of period n as follows. We know
that a lattice L’ € £’ is similar to a good lattice L’ or the dual lattice of a good
lattice L'. Define

=L L L e My — {I, T U ({TV, T n M),

m

Now M} is a set of n lattices in V’'. Denote lattices in M) by

M\ niys2) ML gy 21 M{noay g2
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such that M] C MJ’- if i > j. Let M’ = {M/};cz be the lattice chain generated
by M} via the formula M}, , = M/w. It is clear that M’ is a small admissible
of period n.

8.6. Next we can define a small admissible lattice chain M in V similar to M'.
Define

—-d-1, if 1 +n is odd;
(8.6.1) n:i= { -n—d~—1, iflisodd and n is odd;
—2d -1, if [ is even and n is even.

Similar to Lemma 8.5, we have the following lemma.

LemMma: There is a unique integer k such that L', _,_,_, o, is similar to L;*
or Ly, where 0 < k < | %] for the first two cases in (8.6.1) and 0 < k < n/2
otherwise.

Proof: Now we have that Lj* = L', ;. Note that both -n ~1—-d—-n—-1~-1
and —n—1-—-d—n+1+1 are even for the three cases. Because now ged(d,n) = 1,
there exist integers is,%4, J3,74 such that —n —1—-d—n -1 —1 = 2i3d + 2j3n
and —n—1—-d—n+1+1=2i4d + 2j4n. We assume that 0 < i3,74 < n. Now

2jsn+2n=-n—-1-d—n—-1-1-2igd—n—-1—-d—n+1{+1-2i4d
—2(’i3 + i4)d —2n, if ] +n is odd;
=< —2(i3 + i4)d — 4n, if  is odd and n is odd;
—2(ig+i4—1)d — 2n, ifl is even and n is even.
This implies that the number i3 + i4 divides n for the first two cases. By our
assumption, we conclude that i3 + ¢4 = n for the first two cases. Therefore, one
of 43,44 is less than or equal to [5]. For the last case i3 + 44 — 1 divides n.
Hence, i3 + 44 — 1 = n. Therefore, one of i3, 14 is less than or equal to n/2. The
uniqueness of k is again obvious. |

Similarly, let Mg be

(8.6.2)
{Ly-2ia}o<ick—1 U{Lny1-2ia}tk<i<cnso—1 U{L.Th}, if n even, I +d odd;
{Ly-2id}o<i<k—1 U {Lns1-2idk<i<n/2s if n even, | + d even;

{Ln—Zid}OSiSk—l U {Ln+1—2vid}k§i<(n—1)/2 U {F}, if n odd, ! 4 d even;
{Ln-2ia}oci<k—1 U{Lnt1-2idtk<ic(n-1)/2 U{TH}, ifn odd, I +d odd,

where T' (resp. I';m) is a fixed maximal (resp. minimal) good lattice in V such
that L C T (resp. I'y, C L) for any good lattice L in £. Let M = {M,};cz be
the small admissible lattice chain of period n generated by Mg as described in
subsection 8.5.
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8.7.

LeMMA: Let k' and k be the integers given by Lemma 8.5 and 8.6, respectively.
Then

2=l ifn is odd;
E+k = 2 —1 iflisodd and n is even;
2 if | is even and n is even.

Proof:  Suppose that [ is even, d is odd and n is odd. So we have n = —d — 1,
n = —d—1 from (8.5.1) and (8.6.1). Clearly, if L}, ., is similar to L], then
the lattice L,—n~1—d——n—2kd is similar to L}*; if L;7’—2lc'd is similar to L;il, then
L’_n_l_d_n_m is similar to L;, ;. So we have

(' —2k'd)+ (-n—1~d—n—2kd) = —~1 (mod n).

Therefore, (2k' + 2k + 1)d is a multiple of n. Because ged(d,n) = 1, we know
that 2k’ + 2k + 1 is a multiple of n. Because 0 < k < 5] and 0 < K < [i;—lj,
we have 2k’ + 2k + 1 = n. Hence, k + k' = (n — 1)/2. The proofs for other cases
are similar, so we omit them. [ |

8.8.

LEMMA: Let M, M’ be the admissible lattice chains of period n defined as above.
Let (n,mg) (resp. (n,mg)) be the numerical invariant of M (resp. M'). Then
n 4+ mo + mg + d is even.

Proof: From the construction of the lattice chains M, M’ it is clear that

(1,1), if n+diseven and [ is even;
ry _ J (0,0), ifn+diseven and ! is odd;
(8.8.1) (mo.mo) = (0.1), ifn+disodd and !l is even;
(1,0), ifn+dis odd and [ is odd.
Therefore, n + mo + my + d is even for all four cases. |

8.9. AN EXAMPLE. Suppose that 2n = 14,2d =6, L) = L/, i.e.,[ = 0. Now we
haven' = 4, L'y = L3 L', =L \o=Ljw L', 1, =L" 1= L}w L
Therefore k' = 2,
b ={T L T L),
My ={T3, LY. L5, Ly, LY, Ly, Ly,
and M is the small admissible lattice chain
(8.9.1)
CLwC Ll w C Ly w CLfw CTpw C Ly CLYC LI C LY C -
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with numerical invariant (7,1). Also, we have = —4, L'_7_1_3_(_4)+6 =L, =

LG*. Thenk=1and L_4 = Lg, L_4+1_6 =L_¢g= L5w—1. L_4+1_12 =L_y5=
Lyw~'. Hence, Mg = {T},, L%, Lsw™!, Liw ™!} and M is the small admissible
lattice chain

(892) - CLwCLywCLiwCLiw CT L, wCL; CL3CLoCL;C -

with numerical invariant (7, 1). The lattice chains M = {M,}icz, M’ = {M/}iez
are indexed such that My = Lo and M{ = L. So M_g = Liw™!, M_7 = Low ™1,
M_g = Lyw=', M_s = Lyw™!, M_y = %, M_3 = L, M_y = L%, M} = L},
M =Ly My=L\ M =L M o=LY M 3=Ly, M_4 =T7. By Lemma

8.2 we have B(L, L', &) = iyjeepn Li O Ly = N Lio L'y, _,, and

-2
B(M,M!, %) =i08 M; & Mg,
=Liw'oLliNnLw ' olinLw s L]
NLsw 'O LYNTL @ LyNLio L NLioTH
=L_15 @Lfl NL_14® Lg NL_11© Lll NL_g® L’_2
NEoOL ,NL gL ;NL_40T.

Because L} = L, L' ; = L C It and L_; = L§ C T}, it is clear that
B(L, L', &) C B(M, M, 2).

8.10. PROOF OF (ii) OF PROPOSITION 5.3.

Proof: Recall that d,n have been replaced by 2d,2n since subsection 8.5. So
now we have ged(d,n) = 1. We know that the numerical invariant of £ and £’
are both (2n,1). Then (—2n — 2d — ng — ngy)/2= —n —d — 1. So we have

B(C,L'\2d/2n)= () LiolLj,
i+j=—n—d—1
B(M, M d/n) = N M; © Mj,

i+j=(—n—mo-mf{~d)/2

by Lemma 8.2. Recall that T (resp. I'y,) is a fixed maximal (resp. minimal) good
lattice in V' such that L C T (resp. 'y, C L) for any good lattice L in £, and IV
(resp. T',,)) is a fixed maximal (resp. minimal) good lattice in V' such that L' C I
(resp. Iy, C L') for any good lattice L’ in £'. We shall prove the proposition
by discussing the six cases according to the parity of n,l,d. There are only six
cases because n, d cannot both be even. For each case we define a lattice C in W.
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Then we check that C = B(M, M’ d/n} and B(L, L',2d/2n) C C. The proof
will be written in detail for the first case and be sketchy for the others because
the checking is elementary and analogous to the first case.

(1) Suppose that I is even, d is odd, n is odd. Then we have n =7 = —d — 1,
mo = my =1 from (8.5.1), (8.6.1) and Lemma 8.8. Define the lattice C to be
(8.10.1)

IhoLyn ﬂ (Lyy2i4 @ Lln*'—2(i——1)dw_1 N L _pi2ia O Ly _9i4)

1<i<k!
ML, a1y Ly _oka® "N L_p_apa41)d @ L1 o1y
N ﬂ (L r—142ia © Ly piagio1)a® ™' N Lone142id © Ly y1-94)
B 41<i<(n—1)/2

. _ . —(d—1)/2
ML hn-n1d © Lyp1—neia® ' N Loporpnonya O T~ (D72,

First, the lattices L} which appear in (8.10.1) clearly belong to M’ from (8.5.2),
so does I';. Secondly, we have L_,_14(n_1yq ~ L—g—1 = Ly and L_,_142iq ~
Ly _a(n-1)/2—i)a- We know that k + k" = (n — 1)/2 from Lemma 8.7. There-
fore, 'y, and the lattices L; which appear in (8.10.1) belong to M from (8.6.2).
Thirdly, it is not difficult to check that I'}, = M_(,41y/2 and L], = ]WT']
M(l—d——l)/Q' Therefore, we have

/2 =

C = ﬂ M; @ M
i+j=(-n=1)/24+(~d—1)/2
- N M; © M} = B(M, M'.d/n)

i+j=(—n—mo—m{—d)/2

by Lemma 8.2. Finally, every term L; @ L; which appears in (8.10.1)
clearly satisfies the condition that i + j = —n — d — 1 except for the term
L*—n—1+2(k’+1)dOL;)*’—2lc’dw_1‘ Now we have L io+1)d = Lntr—2(k+1)d-1
LY q@ = L popaotogn ad n+ 1 =2k +1)d—1—n/ +2k'd —1—2n =
—-n —d. We also have L% _opq = L% gy, because L%, , is similar to L]
or Lty and L} = L ;. So B(L.L',2d/2n) C LY, | oi1)q © Lo _gprg@ ™
Hence, we conclude B(C(, £',2d/2n) C C.

(2) Suppose that [ is even, d is odd, » is even. Then we have n = —2d — 1,
7' = —d -1 from (8.5.1) and (8.6.1). We also have mp = 0 and my = 1 from

Lemma 8.8. Moreover, it is not difficult to check that L;I, = M,’7, /2 Define the
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lattice C to be
* * -1 .~
Fm @ L;ll M ﬂ (L—n+2id O L:;;_2(i_1)dw N L—n+2'id & L:]'——Zid)
1<i<k!
-1
n L:n~l+2(k'+1)d @ L;,*'—%'dw AL _p_142041)a © L:;’+1-2(k'+1)d
1%

-1
N m (Lin—l+2id ® Ln’+1—2(i—1)dw N L—n—1+2id @ L;;'+1—2id)
k' +1<i<n/2

AT (@2 g Ly i1a(nja—1yd-

We just note that L_,_i a(n/2—1)¢ ~ L—24¢—1 = L. Then everything is com-
pletely analogous to case (1).

(3) Suppose that [ is even, d is even, n is odd. Then we have n = —d — 1,
n=-n—d-1,my=0,my=1, and L;, = M7’7,/2. Define the lattice C to be

I'® L:I' N ﬂ (L;zd @ L;?*r_z(i_l)dw_l N L2'id © L;;’—2id)
1<i<k!
* -1
NLYy yokip1)a ® L;;;_ledw NL_142k4+1)d @ L:)’+1—2(lc’+1)d

* -1
N ﬂ (L1424 @ ;1’+1—2(i—1)dw NL 142ia @ L;7'+1—2id)
k' +lci<(n—1)/2

* * - *x __—d/2
AL n-1a © L1 ne3ya® N L_14(n-1)a @ T /2,

We note that L_yy(n—1)a ~ L-1-¢ = Ly. Also, we have L3, = L_g;q—1 and
L;;*’—Q(i—l)dw_l =L iai-tyd—1-2n = Ln—ds2ia-

(4) Suppose that [ is odd, d is odd, n is odd. Then n =9’ = -n—d -1,
mg = my =0, L;, = M(/n’+1)/2' Define C to be

re L;]: N ﬂ (L;id O L;,;;_Q(i_l)dw_l N L2id ® L;]’——2id)
1<i<k’

—1 ! -1
NL pogrynyd © Ly —owa®™ N Lo1gak+1)a © Ly p1—ow41)4@

-1
n ﬂ (L% 142:a ® Loy _ai—1ya® ™ N Lo142ia © Ly y1_940)
k' +1<i<(n—1)/2

NLY o1 ® Lyic(ne3yd®@ N Loiino1)a ® D= (02,

This is analogous to case (3).

(5) Suppose that [ is odd, d is odd, n is even. Thenn=—-d—-1,7' = -2d -1,
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mo =1, my =0, L%, = ]\I(’n,+1)/2. Define C to be

Lopga0Tl
-1 - ! IS
N ﬂ (Ll gm1-2:a®@ O Lr;’—Zéd OL_p_g-1-2¢i41)d ® Lq’—%d)
0<i<k!

-1 ~ !
NLL, ami—2wt1)da® 7 L:]'+1—2(k’+1)d NL_pn_g-2(k'+2)a @ L1 ok 41)a
-1 - .
n m (L gmgiga®@™ O L;;’+1—2id NL_pn_g-2(i+1)d © L:7*’+1——21'd)
K 41<i<n/2-1
* -~ v __—{d+1)/2
NLL, _g-sm/2—1)d O Tm®@ /2,
We note that Lin-—d—2(n/2—1)d = Lnyd+an/2a—1yda—1 ~ L_g—1 = L. We also
have L,y | 5:q@ " = Lonidt2ia, Ly _ia =L o4 1 ;4 and
;;’—2id = Ll:Zd—l—21'd = '2(i+1)d-
(6) Suppose that ! is odd, d is even, n is odd. Thenn = —n—-d—1, 7' = -d-1,
mo =1, mg =0. Ly, = M{,, /5. Define C to be

* - ’ Ix —1 - !
FaoLyn ﬂ (L pt2ia © Lo _gi—1)a® " N Lonaia O Ly _siq)
1<i<k!

* . T I -1 ~ T
N L—n—1+2(k’+1)d ) Ln/_ledw n L—n—1+2(k’+1)d ) Lnl+1_2(kl+1)d
* - Ix -1 —~ !
N ﬂ (Lin iq2ia O Lygamai—1)a® ™ N Lepo1t2id © Ly _9iq)
k' +1<i<(n—1)/2

* - 7* -1 -~ —-d/2
N L—n—1+(n—1)d SLy_negya® NL_piym-na 0w /2,
Here we just need to notice that L_p,_1 -1y ~ Loy—d—1 = La.

So we have proved that B(L,L,2d/2n) C B(M, M’ ,d/n). Hence, w is an
element in B{M, M’ d/n). It is clear that M is regular because £ is regular.
Now ged(d,n) = 1 (recall that d.n is replaced by 2d,2n in the proof), so M’

must be regular by (i) of the proposition. [ |
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