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A B S T R A C T  

In this paper we prove that two irreducible admissible representations 
of positive depth paired by the theta correspondence over a p-adic field 
have unrefined minimal K-types paired by the orbit correspondence. An 
application of our main result is that a positive depth character of a 
unitary group occurs as late as possible in the theta correspondence. 

1. I n t r o d u c t i o n  

Let (U(F),  U0Y))  be a reductive dual pair of symplectic,  or thogonal  or uni tary  

groups in a symplectic group Sp(W) over a p-adic field, i.e., V (resp. ~ ' )  is a non- 

degenerate e-hermitian (resp. e '-hermitian) space over F or a quadrat ic  extension 

o f F ,  ee' = - 1  and W = F O ~ ; ' .  Let $ (resp. g') be the Lie algebra of U(];) 

(resp. U0Y))  and it* (resp. g'*) be its dual space. Given a small admissible lattice 

chain £ of  period n in ") (cf. section 2), we call define an open compact  subgroup 

GL,dln of U(])) and lattices g*&-dln" 9" g~,(-d/~)+ ill for each non-negative integer 

d. Let U(~;) denote the metaplectic cover of U(V). We can regard GL,d/~ as a 

subgroup via a splitting/7: GL:,d/,~ --+ Gg,d/n with respect to a generalized lattice 

model  of the Weil representat ion of the metaplectic cover Sp(W) of the sympleetic 

group Sp0/V) (cf. [Pan01]). From IMP94], IMP96] and [ ~ 9 8 b ] ,  we know tha t  

every irreducible admissible representat ion r~ of positive depth of U(V) has an 

unrefined minimal K - t y p e  of the form (Gn,d/,~, X + 9*&(_d/,~)+) where X is a 
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certain element in ~J*£,-d/n" Any two unrefined minimal K-types of an irreducible 

admissible representation have the same number d/n which is the depth of 7r. 

It is known that there is a one-to-one correspondence between some irreducible 

admissible representations of U()2) and some irreducible admissible representa- 

tions of U(F') (cf. [Wal90]). This is the so-called local  t h e t a  c o r r e s p o n d e n c e  

or H o w e  dua l ty .  In [Pan02a], the author proves that the depths of two repre- 

sentations paired by the local theta correspondence are equal. In [Pan02b], the 

author proves that the depth zero minimal K-types of two representations paired 

by the local theta correspondence are paired by the theta correspondence for a 

certain finite reductive dual pair. In this paper we discuss the relation between 

minimal K-types of the two representations of positive depth paired by the local 

theta correspondence. 

We have embeddings g --+ sp(W) and ft' --+ sp(W). So we get sp(W)* -+ g* 

and sp(W)* -+ 1~ ~* by taking the dual maps. Embed )4; into 5p(W)* as the union 

of {0} and the minimal orbit. Then we get the moment maps ffdt: 142 --+ g* and 

ffJt~: W --+ 9 I* by restriction. The main result of this paper (Theorem 5.5) can 

be described as follows. Suppose that  7r (resp. 7r') is an irreducible admissible 

representation of U(F) (resp. U(),')) such that ~r and ~r' correspond in the theta 

correspondence. Suppose that the depth of 7r is positive. Then there is an 

element w in W and a regular small admissible lattice chain £ (resp. £ ' )  in l,' 

(resp.)2') such that 9Jt(W).Jr[l*G,(_d/n) + (resp. gJY'w'-t )-I-lJ£.'(-d/n)+)l* " is an unrefined 

minimal K-type of ~r (resp. 7r'). One immediate corollary (cf. Theorem 5.6) of 

this result is: if (U02), U0/ ' ) )  is a reductive dual pair of unitary groups and 

7r is a character of positive depth occurring in the theta correspondence, then 

the dimension of 121 is greater than or equal to the dimension of F. In other 

words, a character of positive depth of a unitary group does not occur early 

in the theta correspondence. This is an interesting phenomenon in the local 

theta correspondence. In fact, if we take the preservation principle conjecture 

for granted, we can determine when a character of positive depth will occur in 

the theta correspondence (cf. subsection 5.7). Further applications of our main 

result will appear in some other papers by the author. 

This paper is a continuation of the papers [Pan02a], [Pan02b]. In particular, 

notations and results in [Pan02a] are used here to a great extent. The content of 

this paper is as follows. In section 2 we introduce the basic setting of reductive 

dual pairs and the Well representation of the metaplectic cover of a symplec- 

tic group. In section 3 we summarize some results on minimal K-types from 

[Pan02a]. In section 4, we define the moment maps and discuss the relation of 
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moment  maps and Cayley transforms. We have our main result in section 5. In 

section 6, we prove Proposition 4.3. In section 7, we prove Proposition 5.2. We 

prove Proposition 5.3 in the last section. 

ACKNOWLEDGEMENT: This work is derived from the author 's  dissertation at 

Cornell University. The author would like to thank his advisor Professor Dan 

Barbaseh wholeheartedly for his suggestion to work in this direction and much 

help during these years. 

2. Reductive  dual pairs and the Weil representation 

In this section, we provide tile general setting of this work. Material in this 

section is well-known and can be found in [How79], [MVW87]. 

2.1. NOTATION. Let F be a nonarchimedean local field, OF the ring of in- 

tegers of F ,  PF the prime ideal, DF a uniformizer of OF, fF := O F / P F  the 

(finite) residue field and rE the identity automorphism of F. We assume that  

the characteristic of fF is odd, and fix a non-trivial (additive) character ~, of F.  

Let E be a quadratic extension of F,  (gE the ring of integers of E,  DE a 

uniformizer of (gE, fE the residue field of E and rE the nontrivial automorphism 

of E over F.  We make the choice such that  DE = WE if E is an unramified 

extension, and TE(DE) = --eVE if E is ramified. Let (D, D, r) be one of the 

triples (F, :vF, TF) or (E, ~ E ,  rE). Let (9 be the ring of integers, p the maximal  

ideal and f the residue field of D. 

2.2. REDUCTIVE DUAL PAIRS. Let )? be a finite-dimensional vector space over 

D and e be 1 or -1 .  A map (,/: F × F -+ D is called an e - h e r m i t i a n  f o r m  if 

the following conditions are satisfied: 

(x+y, l = = <x, y) + <x, 
(2.2.1) 

(xa, yb) = r (a ) (x , y )b ;  ( x , y )  = c v ( ( y , x ) )  

for any x, y ~ F and a, b ~ D. The form is non-degenerate if (x, y) = 0 for all 

y q )2 implies x = 0. The pair (F, (,)) is called a (non-degenerate) ¢-hermitian 
space when (,) is a non-degenerate e-hermitian form on V. 

Let 0; ,  (,)) (resp. (F',  ( , ) ' ))  be an e-hermitian (resp. d-hermitian) space over 

D such that  ee' = - 1 .  Define 14; := F (~D F' ,  which will be denoted by F Q F '  

later for simplicity. Define a skew-symmetric F-bilinear form ((, }} on )4; by 

(2.2.2) <<, >> := TrdD/F((,  ) © r o ( , ) ' )  



320 S.-Y. PAN Isr. J. Math. 

where Trdv/F denotes the reduced trace from D to F. The pair (U(1)), U02')) 

is called a ( type  I) reduct ive  dual  pair in Sp(W) where U(12) (resp. U(F')) 
is the group of isometrics of (12, (, }) (resp. 02', (, }')). 

2.3. W E I L  REPRESENTATION AND THE METAPLECTIC COVER. Let (142, ((,)}) 
be a symplectic space over F. Let H042 ) be the Heisenberg  group associated 

to the symplectic space (W, ((,))). Let (p~0, S) be the irreducible representation 
of H04; ) with the non-trivial central character ~/, obtained by the Stone-Von 
Neumann theorem. It is known that the sympleetic group Sp(W) acts on H(W). 

Define the metaplec t ic  cover Sp(W) of Sp(W) to be the topological subgroup 

of Sp(W) × Aut(S) consisting of the pairs (g, M) satisfying the condition 

(2.3.1) hi o pc(h) = p~,(g.h) o M 

for g E Sp(W), M E Aut($) and any h C H(W). The metaplectic group Sp(W) 

comes equipped with a representation cz~. on ,S given by 

(2.3.2) w~(g, M ) : =  M. 

The representation (w~, S) of Sp(W) or the projective representation (M, S) of 

Sp(W) is called the Weil represen ta t ion  or the oscillator representa t ion.  

2.4. GENERALIZED LATTICE MODEL OF THE W E I L  REPRESENTATION. Let p~F 
be the conductor of the character g) of F, i.e., AF is the smallest integer such 

that the restriction ~]p~F is trivial. Let A be a good lat t ice in 147, i.e., a lattice 

in 14] such that A*WF C_ A C_ A* where 

(2.4.1) A* := {w E W ] ((w, a}} E p~F for all a E A}. 

The notion of good lattice depends on the conductor of ~. It is known that A*/A 
is a symplectic space over fF. Let KA denote the stabilizer of A in Sp(W) and K~ 

the subgroup of elements g C KA such that (g - 1).A* C_ A. We know that h'~ 
is a normal subgroup of KA and KA/K'A is isomorphic to the finite symplectic 

group Sp(A*/A). Let ~ be the character of fg defined by ~(t~ := ¢(tcv~ F-l)  

where t denotes the image of t in OF/p~" = fg for t E OF. Let (c~, S) be the 

Weil representation of Sp(A*/A), and w~0 the representation of KA inflated from 

~6. Let p~ be the irreducible representation of the Heisenberg group H(A*/A) on 
the space S obtained by the Stone Von Nemnann theorem. This representation 

is characterized by the central character 2. We know that A* x p~r-1 is a 
subgroup of H(W) and there is a homomorphism A* x p~F--1 _+ H(A*/A) by 
(a, tw~ F-l) := (g,t~ where g denotes the image of a E A* in A*/A. Let p~, 



Vol. 138, 2003 LOCAL THETA CORRESPONDENCE 321 

denote the representation of A* × p~F-1 inflated from fi~. Let S(A) denote the 

space of locally constant, compactly supported maps f :  14; --+ S such that 

(2.4.2) f (a + w) = ~/,(1 ((w, a)) )'fiv,(a).(f (w) ) , 

for any w E 142 and a E A* (regarded as a subset of A* × p~gu-1). For g E Sp(W), 

we define M[g] E Aut($(A)) by 

/A 1 (2.4.3) (M[g].f)(w) := . g,(~((a, w)))'fi~(a-1).(f(g-l.(a + w)))da 

where g E Sp0/Y ), f E S(A), w • )/Y and da is a Haar measure on A*. It is easy 

to check that  (g, M[g]) belongs to Sp0/Y ). We can normalize the Haar measure 
da such that 

(2.4.4) (M[k].f)(w) = ~o,l,(k).(f(k-I.w) ) 

for k E IXA, f E S(A) and w E 14;. Let fi~'A be the inverse image of /(A in 

SP04; ) under the extension Sp(W) ~ Sp(}4;). The map KA --+ h'A given by 

k ~-+ (k, M[k]) defines a splitting of the extension ~'m -'+ KA. Therefore, if we 

identify KA as a subgroup of Sp0/Y ) by the splitting k ~-+ (k, M[k]), then we(k ) 

becomes w,0(k, M[k]) = M[k]. This model (cov,,S(d)) is a genera l i zed  la t t ice  

m o d e l  of the Weil representation of Sp(W). 

For a union of A*-cosets Q in )/Y, we define 

(2.4.5) S(A)Q := {f E S(A) i f  has support in Q}. 

For w E W, define $(A)w := $(A),o+A*. The dimension of $(A)w is clearly equal 

to the dimension of S. Suppose that B is a lattice in }/Y such that  B* C_ B. It is 

known that the lattice B* acts oll the Weil representation (we,, S), Moreover, if 

B* C_ A C_ A* C_ B, then it. is also known that S(A) B• = ,5(A)B (of. Lemma 8.2 
of [Pan02a]). 

2.5. LOCAL THETA CORRESPONDENCE. From the definition of the form {,} 

we know that there exists an embedding tv': U(V) --+ Sp(W) depending on V'. 

Let U(V) be tile inverse image of Lv,(U(V)) in Sp(W). Let U(V') be defined 

similarly. One can check that U(V) and U(V') centralize each other in Sp(W). 

Let (wV., S) be the Weil representation of Sp(W) with respect to tile character ~/, 

of F.  Then (w~,, S) can be regarded as a representation of U(12) × U(F') via the 

restriction to U()2). U()?') and the homomorphism U(F) × U()2') --+ U(I;). U(V'). 



322 S.-Y. PAN Isr. J. Math. 

An irreducible admissible representation (Tr, V) of U(t]) i s  said to co r r e spond  to  

an irreducible admissible representation (n ~, V') of U(F ~) if there is a non-trivial 

U(F) x U(F') map 

(2.5.1) H: S ~ V Qc V'. 

This establishes a correspondence, called the local t h e t a  c o r r e s p o n d e n c e  be- 

tween some irreducible admissible representations of U(F) and some irreducible 

admissible representations of U(F'). It is proved by R. Howe (of. [MVW87] 

chapitre 5) and J.-L. Waldspurger (eft [Wal90]) that the local theta correspon- 

dence is one-to-one (when the characteristic of fF is odd). 

3. Unrefined minimal  K-types  

Most of the definitions and results are from [Pan02a]. Details can be found there. 

Please also check [Yu98b] and [Yu98a]. 

3.1. LATTICE CHAINS. Let (F, (,)) be a (finite-dimensionM non-degenerate) 

e-hermitian space over D. Let L be a lattice in F, i.e., a (free) O-module whose 

rank is equal to the dimension of F. Fix an integer n for F. Define 

(3.1.1) L* := {v • ~ I @,l) • p~ for a l l / •  L}. 

It is clear that L* is also a lattice in F. The lattice L* is called the dua l  la t t ice  
(with respect to the integer n) of L. The lattice L is called a good  la t t ice  

if L*w C_ L C_ L*. A good lattice is said to be m a x i m a l  (resp. min imal )  if 

it is a maximal element (resp. minimal element) in the set of all good lattices 
with partial order given by inclusion. Two lattices L1, L2 are said to be s imilar  

(notation: L1 ~ L2) if L1 = L25y k for some integer k. 

Recall that  ~b is a character of F with conductoral exponent AF. Define A := AF 

if D is F or an unramified quadratic extension of F,  A := 2AF - 1 otherwise. 

Let t~ (resp. nl) be the integer used to define the dual lattices in F (resp. ]2') in 

(3.1.1). We make the following assmnption, 

(3.1.2) n + to' = A, 

throughout the paper. We also assume that the duality of lattices in 14] is defined 

with respect to the integer AF. 

It is known that (cf. [HM89]) the affine building of GL(F) can be parameterized 

as collections of lattices in Y. Now we consider the analogue for other classical 
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groups. A non-empty  collection of latt ices £ := {Li} iez  in Y is called a l a t t i c e  

c h a i n  in F if the following conditions are satisfied: 

(i) £ is total ly  ordered by inclusion, i.e., Li+l C_ L.i for each i. 

(ii) There  exists a number  n such tha t  Li+~ = L i w  for all i. 

(iii) Each latt ice L~ is similar to a good latt ice o1" the dual  lat t ice of a good 

lattice. 

The  number  n is called the p e r i o d  of £ .  A lat t ice chain £ is r e g u l a r  if Li ~ Lj 
whenever i ~ j .  A latt ice chain £ is called a s m a l l  a d m i s s i b l e  l a t t i c e  c h a i n  

w i t h  n u m e r i c a l  i n v a r i a n t  (n, no) where n is a posit ive integer and no = 0 o1" 

1 if it has per iod n and the following two conditions are also satisfied: 

(iv) L~" = L - i - n o  for all i when n is even and no = 1; L~' = L - i - ~ o  for all 

i ~ 0 or n/2 ( m o d n )  when n is even and no = 0; L~' = L-i- ,~o for all 

i ~ (n - 1)/2 ( m o d n )  when n is odd and no = 1; L* = L - i - n o  for all i ~ 0 

(mod n) when n is odd and no = 0. 

(v) LL~_½_,~j~ C_ Lk~-~_jno] C_ . . .  C_ L1 C_ Lo C_ L o and L :  1 C L-1  C_ L - 2  C_ 

• .. C L ~.~+~oj C L*__L=+=o]w-1 C L 

A latt ice chain £ := {Li}i~z is s e l f - d u a l  w i t h  n u m e r i c a l  i n v a r i a n t  (n, no) if 

it has per iod 'n and L~ = L - i - n o  for all i. Clearly, a self-dual latt ice chain is 

small  admissible. I t  is also clear tha t  a small  admissible latt ice chain for n even 

and no = 1 is self-dual. 

3.2. OPEN COMPACT SUBGROUPS. Let (G,G') := (U(F) ,  U(IY)) be a reduc- 

tive dual pair. Let £ := {Li} iez  be a small  admissible latt ice chain in F with 

nmnerical  invariant  (n, no). Define 

(3.2.1) L~ := n*_i_~o. 

Clearly we have and = for any i is known that 

L~ C_ L~ C_ L~-I  

for any i (eft L e m m a  4.5 of [Pan02a]). For any posit ive integer d, we define 

(3.2.2) 
Gg,d/n :={g e G I( 9 - -  1).Li _C Li+d, (g - 1).L~ C_ L~+ d for all i}, 

1).n~ Li+d G£,(d/n)+ :={g E G [  (g - 1).L/_C Li+d+l, (g - C_ for all i}. 

I t  is known tha t  G£,d/n and G£,(d/n)+ a r e  open compac t  subgroups of U(F)  

(cf. [MP94] and [Yu98b]). We know tha t  Gz,(d/n)+ is a normal  subgroup of 

G~2,d/n and the quotient  group G£,d/n/GL,(d/n)+ is abelian. I f / 2  is self-dual, 
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then L~ = Li for all i and (3.2.2) becomes 

a g , d / n  = { g  E G I (g - 1).Li C_ Li+d for all i}, 

G,c,(d/n)+ ={g  e G [ (g - 1).Li  C_ Li+d+ 1 for all i}. 

Let 1~ be the Lie algebra of U(V) and g* the dual space of 9- Regard g as a 

subspace of EndD(V) and define 

gC,d/n :={X E g ] X.Li C_ Li+d, X.L~ C_ L~+ d for all i}, 
(3.2.3) 

X.L~ C for all i} ~JE,(d/n)+ :-~-{X E ~ [ X . L i  C Li+d+i,  __ Li+d 

for any d E Z. Hence, {~£,d/n t d C Z} forms a filtration of lattices in g- We can 

define lattices 9*£,d/n and ~*&(d/n)+ in g* similarly. Moreover, it is known that 

there is a natural isomorphism between the Pontrjagin dual (G&d/n/Gn,(d/n)+)^ 
of GL,d/n/GL,(d/n)+ and the quotient lJ*Z,-d/n/l~*£,(-d/n)+ of additive groups, i.e., 

a character of G&d/n/Ge,(d/n)+ can be regarded as a ~ d n +-coset in ~t* ,(-- / ) £ , -d /n"  
Later on, we will identify g* with tt via the trace form (ef. IMP94]). In particular, 

t~*-d/n will be identified with IJ-d/n, Hence, a character of G£,d/n/Gg,(d/n)+ can 

be regarded as a l~£,(_d/n)+-coset in gC,-d/~. 

3.3. A SPLITTINC. Let £ := {Li ] i C Z} (resp. £ '  := {L} ] j  E Z}) be 

a small admissible lattice chain in V (resp. V') with numerical invariant (n, no) 

(resp. (n, n~)). Fix an Iwahori subgroup I of U(V). We know that each GC,(d/n)+ 
has a conjugate which is a subgroup of I. Moreover, we know that 

gG£,(d/n)+g -1 = Gg.£,(d/n)+ 

where g.£ := {g.Li ]Li  C £}. We shall only consider the lattice chains /2 such 

that  GL,(a/n)+ is a subgroup of I. 

For any integer s we define 

(3.3.1) As(£,/2'):= N L ~ O L ; +  N L i + L  7. 
i+j=s i+j=s 

D e f i n e  : =  a n d  

Lo o L{, 
(3.3.2) A := L_l OL ' lw ,  

At/2,/2'), 

Then it is known that A is a good lattice in W (cf. Lemma 9.4 in [Pan02a]). Let 

KA and K~ be defined as in subsection 2.4. 

if n = 1, /2 is self-dual and no = n~ = 0; 
if n = 1,/2 is self-dual and no = n{) = 1; 
if either n _> 2 or n = 1, no + n~ = 1. 
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LEMMA: For any  positive integer d, tv, (Gg,d/n) is a subgroup of K~A where tv, 
is the embedding given in subsection 2.5. 

Proof: Let g be an element in ~v'(G£,d/n). First  we suppose tha t  n = 1, 

£ is self-dual and no = n~) = 0. Now A* = L ;  (~ L~* = Lo Q L~)* and a£,d/n ---- 
{g E G I ( g -  1).Lo C_ Lowd}. Then  we have ( g -  1).A* C_ L o w Q n ~ *  C_ A. 

Next  suppose t ha t  n = 1, £ is self-dual and no = n~ = 1. We know tha t  

L~  1 C_ L-1  C_ L'_*lw -1 by (v) in subsection 2.1. Now A* = L* 1 Q L'*_lw -1 = 

L - 1  ~'~ L'*_I and Gc,d/, = {g C G I (g - 1) .L-1  C_ L _ l w  d} f rom (3.2.2). Then  we 

have (g - 1).A* C_ L _ I  Q L ~ l W  C A. 

Now we consider the remaining cases. I t  is not difficult to check tha t  A* = 

N,+j=, ,.~ L~ + L, Ly where p := - u  - no - n~ - n + 1. We have 

( g - 1 ) . A * C _  N L~c~)L~-+ N L i ( 3 L ? .  
i+j=p+d iTj=p+d 

[ - - - ~ o - n ; + 2 1  Since u := , 2 , ,  it is clear tha t  u < p + d for any posit ive integer d. 

Hence, (g - 1).A* C_ A. So tv, (G£,d/n) is a subgroup of K~ .  | 

We know tha t  the generalized latt ice model  (w~,, S(A)) of the Weil represen- 

ta t ion  gives a nice spl i t t ing ~A: I(A --~ ~'A (cf. [Pan01]). Since tv,(Gc,d/n) is a 

subgroup of KA, we will identify G£,d/n with .~A(tV, (G£.,d/n)) for simplicity. 

3.4. UNREFINED MINIMAL /(-TYPES. Let (Tr, V) be an irreducible admissi-  

ble representa t ion of U(F) .  Let d be a posit ive integer. A pair  (G£,d/n,~), 
where Z; is a regular  small  adnfissible latt ice chain in F and ~ is a character  of 

C*£,d/n/G~2.(d/n)+~ is called an u n r e f i n e d  m i n i m a l  N - t y p e  (of posit ive depth)  

of 7r if the following two conditions are satisfied. 

(i) The  fixed point  set VC;c,(d/') + is non-tr ivial  and the representa t ion of the 

group GL,d/n/GC,(d/n)+ on the space VC;c,(d/nl + contains ~. 

(ii) The  character  C, realized as a l~),(_d/n)+-coset in g*C,-d/,," contains no 

ni lpotent  element.  

The  following proposi t ion is from the results in IMP94], [MP96] and [Yu98b]. 

PROPOSITION: Every irreducible admissible representation (re, V) of U (V) of pos- 
itive depth has an unrefined minimal K-type (G£,d/~, ~) for some positive integer 
d and some regular  small admissible lattice chain £ of period u. 

3.5. Let /2 := {Li I i 6 Z} be a regular  small  admissible lat t ice chain in Y 

with  numerical  invariant  (n, no). If d is a posit ive integer and £ '  := {L~ I i E Z} 



326 S.-Y. PAN Isr. J. Math. 

is a small admissible lattice chain with numerical invariant (n, n~) such tha t  

- n  - no - n~ - d is even, we define 

(3.5.1) B(£ ,£ ' ,d /n ) :=  N L i O L ~ O  N L~OL} 
i+j=# i+j=tt 

where p := ( - n -  no - n~o - d)/2. It is known tha t  B(£, £', d/n)* C_ B(£, £', d/n) 
for any positive integer d where B(£, £', d/n)* is the dual lattice of B(£., f-.', d/n) 
in }4;. Therefore,  from subsection 2.4 we know tha t  the lattice B(£,E~,d/n) * 
acts on the Weil representat ion (wU,, S).  For a given £,  let Q(d) denote the set 

of small admissible lattice chains in F I with numerical invariant (n, n~) such tha t  

n + no + n~ + d is even. The  following proposit ion is from [Pan02a] proposit ion 

6.3. 

PROPOSITION: Let (U(V), U(V')) be a reductive dual pair in Sp(W).  Let d be a 
positive integer and £ a regular small admissible lattice chain in V with numeric_._ al 
invariant (n, no). Let (we, ,S) be a model of the Weil representation of Sp(I/V). 

Then 

(3.5.2) Sac'(d/'~)+ = We (?-/')" ( E sB(L'£"d/n)*) 
-- £ 'eQ(d)  

where 7-1' is the Hecke algebra of U(V'). 

4.  M o m e n t  m a p s  

As usual, let (G, G') := (U(V), U(V')) be a reductive dual pair and 5' a character  

of F of conductor  p~r.  

4.1. CAYLEY TRANSFORMS. The Lie algebra it of U(V) consists of elements 

c E EndD(F)  such that  (c.v, v' / + (v, e.v') = 0 for all v, v' C F. If c is an element 

of 9 and 1 + c is invertible, then we denote the element (1 - c)(1 + c) -1 by u(c). 
Similarly, if u is an element of U02 ) and 1 + u is invertible, then we denote 

the element (1 - u)(1 + .u) -1 by c(u). It is easy to check tha t  u(c) (resp. c(u)) 
belongs to U(F)  (resp. 9) when it is defined. For x, y E )2 we define an element 

cx,y E EndD(F)  by 

(4.1.1) cx,y.v = x(y, v} - ey(x, v) 

where v C P. It is easy to check tha t  Cx,y belongs to g. Moreover, we know tha t  

every element in fl is an F-l inear  combinat ion of elements of the form Cx,y for 
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x, y E F. Define 

(4.1.2) u~,~ := u(cx,y) 

when 1 + cx,y is invertible. If  ux,y is defined for some x, y E F, then it is easy to 

check tha t  1 + u~,y is invertible and c(u~,y) = c~,y. 

4.2. THE TRACE FORM. Let ~B denote the trace form of the Lie a lgebra  g, i.e., 

iB: g x g -+ F is defined by 

~ ( X ,  Y) := TrdD/r( tr(XY)) ,  

where t r :  EndD(Y) --+ D denotes the usual t race m a p  of matr ices  and Trd :  D --4 

F is the reduced t race of D over F .  The  t race  form ~ '  on 9 ~ is defined similarly. 

We know tha t  ~ is a symmet r i c  F-bi l inear  form on ~. I t  is easy to check tha t  

=cx,~( : . (~ , ,  . }  - ~.,,(=, .}) 
(4.2.1) 

= x ( ( y ,  z}(v, a} - e(y, v)(z, a}) - ey((x, z}(v, a} - @v, v} (z, a)) 

=x ( (y ,  z)(v,  a} - e(y, v)(z, a } ) +  y((x,  v}(z, a) - e(a', z)(v, a}) 

for any x , y , z , v , a  E F. Let  el  . . . . .  em be a D-basis  of V. Define (ei,ej) := 5 0 
and extend the definition by F- l inear i ty  so tha t  ( ,)  becomes a hermi t ian  (or 

symmetr ic )  form on F, i.e., (eia, ejb) = r(a)bSij. Then  {el . . . . .  em} becomes an 

or thonormal  basis of 1; with respect  to the form (,) .  Hence, any element x E F is 

wr i t ten  uniquely as ~ i  el(x, el). We have tr(c~,u o c~,~) = ~i(c, ,u  o C:,v(ei), el). 
Now from (4.2.1) we have 

i 

= ~ ( x ( ( v ,  ~}(,,, <} - d~,  v)(:,  e4) + ~((*, v}(~, <)  - d':, ~}{v, ed), <) 
i 

i 

Therefore,  we have 

~(cx.~, c~a,) = TrdD/F(tr(cx,y o c:a,) ) 

i 
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= T~d~/F ( ~ ( y ,  z)(v, e~(x, ~)) - ~(y, v)(z, ~(x, ~)) 
i 

Because x = ~ i  ei(x, ei) and y = ~ i  ei(y, ei), we have 

~(cx,~, Cz,~) 
= TrdD/F((X, v)(z, y} + (y, z)(v, x) -- c((x, z)(v, y) + (y, v)(z, x))) 

= Trdn/g((zv((x ,  v)) -- cvr((:c, z)), y) + (vv((y, z)) -- ezT((y, V)), X)) 

= TrdD/F((ez(v, x) -- v(z, x)), y} + (ev(z, y) -- z(v, y}, x)) 

= TrdD/g(--(Cz,~.y, x) + e(Cz,v.X, y)) 

where ~- is the fixed involution of D over F given in subsection 2.1. Because any 

element X in g is an F-l inear  combinat ion of elements of the form cz,v and ~ is 

F-bil inear,  we have the following identity: 

(4.2.2) ~(c~,y,  X)  = TrdD/F(--(X.y, x) + e(X.x, y)) 

for any x, y E )d, X E 9 C EndD (ld). 

4.3. MOMENT MAPS. Recall tha t  142 -- l; Q 12 ~ is an F-space. Let  0: 1; ® 12 ~ -+ 

H o m n  (/;, 12 I) be the isomorphism of F-spaces given by 

(4.3.1) ¢(vl  ® v2)(x) := v2(vl, x) 

for Vl, x C 1), v2 E ~ .  Similarly, let ¢~: 1; ® F~ --+ HOmD0; ~, ];) be the isomor- 

phism of F-spaces given by 

(4.3.2) ¢ ' (vl  @ V2)(y):: Vl(V2, y}! 

for vt C F, v2,y E !2 ~. Define the moment  map 9~0: 14; -+ EndD(Y) by 

(4.3.3) 9Yto(W) := ¢ ' (w) o ¢(w). 

Suppose tha t  w = ~-~i ai Q bi is an element in 14; for ai C F, bi C Ft. Then  

= Z aj (b~, b~ (a~, x) / 
i , j  

1 
: E (~aj(bj,  bi)'(oi,:r)+ ~ai(bi, bj) ' (aj ,x)) .  

i , j  
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Then from (2.2.1), we have 

1 e 
ffJto(w)(x) = E (-~aj(aiT( (bj,bi)'),x} - -~ai(aj(bj,bi)',x} ) .  

id 

Hence, we conclude 

(4.3.4) 

329 

~o (W)  : - -2  E Ca"a3(bJ 'b')'" 
i,j 

In particular, the image of the map 99to is in [t. Define the map KR: W --+ g by 

(4.3.5) fi91(w) := -~c@-~Fg~0(w) = l w l - ~ F  ECa,,a,(b~,b,),. 2 F 
i,j 

Similarly, we define the moment map 9Jl[: W --+ g' by w ~-+ q~(w) o 4)'(w). If 

w = ~ i  ai O bi is an element in 14;, then we have 

-'-' 
2 ECb~'b3(aj'a~} 

i,j 

by the same computation as above. Define the map 9JY: 142 --+ g' by 

~J~'(W) : :  -- t  c~ F " ' 0  2 F ECbl,b3(a,,a,)" 
i,j 

PROPOSITION: Let £ be a regular small admissible lattice chain in Y with numer- 

ical imariant (n, no) and £'  a small admissible lattice chain in )2 ~ with numerical 

invariant (n, ~ ) .  Let d be a positive integer such that n + no + n~o + d is even. 

Suppose that w is an element in B(£ ,  £', d/n).  Then 9Jr(w) is in gC,-d/n. 

The proof of this proposition is in section 6. 

5. M o m e n t  m a p s  a n d  u n r e f i n e d  m i n i m a l  K - t y p e s  

In this section we describe the relation between the orbit correspondence and 

unrefined minimal K-types of the two representations of positive depths paired in 

theta correspondence for a reductive dual pair (G, G') := (U(F), U(F')) .  Material 

about moment maps and orbit correspondence can be found in [Ada87] and 

[KKS78]. 

5.1. Let (Tr, V) (resp. (Tr',V')) be an irreducible admissible representation of 

the covering group U(V) (resp. U02')) such that 7r and 7r' are paired by the 

local theta correspondence, i.e., there exists a non-trivial U(F) x U(V p) map 

II: S ~ V Oc I ''' where S is the Weil representation. 
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LEMMA: Let A be the lattice defined in (3.3.2). Suppose that d is a positive 

integer. Then: 

(i) A* is contained in B(£ ,  £.', d/n); 

(ii) (g - 1).B(E, £' ,  d/n)  is contained in A for any g E GL,(d/n)+. 

Proo~ Part  (i) is Lemma 10.7 of [Pan02a]. Part  (ii) follows easily from Lemma 

10.8 of [Pan02a]. | 

5.2. Suppose that the depth of (zr, V) is positive. Then we can assume that  

the depth is d/n  for some positive integers d and n. Moreover, we know that V 

has non-trivial GL,(d/n)+-fixed vectors for some regular small admissible lattice 

chain £ in l: of period n. 

PROPOSITION: Let (zc, V) be an irreducible admissible representation of U(V) 

of positive depth. Then (7r, V) has a minimal K- type  (Gn,d/n, ~) where E is a 

regular admissible lattice chain such that one of the following three conditions is 

satisfied: 

(i) £ is self-dual, and n -- 1 or 2; 

(ii) f_. is self-dual, and ged(n, d) = 2; 

(iii) gcd(n,d) -- 1. 

The proof of this proposition is in section 7. 

5.3. Suppose that (Tr, V) has a non-zero vector fixed by GL,(d/n)+ for some 

regular small admissible lattice chain E in V with numerical invariant (n, no). 

By Proposition 3.5 we know that there is a small admissible lattice chain £~ in 1)' 

with numerical invariant (n, n~) such that n+no+n'o+d is even such that the map 

II: SB(L,£',d/n)* __+ V ®C W has non-trivial image. Let A be the lattice defined 

in (3.3.2). We know that A* C_ B(E,  E', d /n)  by (i) of Lemma 5.1. Therefore, we 

know that S(A)  B(£'£''d/n)* = ~q(A)B(L,L,,d/n) from Lemma 8.2 of [Pan02a] where 

S(A)  is the generalized lattice model of the Well representation with respect to 

the good lattice A. Since S(A)B(£,E',d/n) = ~wCB(E,£' ,d/n)S(A)w, there is a 

vector w C B(E,  E', d /n)  and a non-zero element f C ~q(A)w such that I I ( f )  is 

non-trivial. 

From subsection 3.3 we know that G£,d/n is regarded as a subgroup of K~4. 

Suppose that f E S(A)w and g E G£,d/n. Then from our choice of splitting we 

have 

(~z~(g).f)(w) -- (M[g].f)(w) = ~ , ( g ) . ( f ( g - l . w ) )  
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from (2.4.4). Because g is in K~, the action ~ ( g )  becomes trivial. Hence, we 

have 

(~¢(g). f)(w) = f ( g - l . w )  = f ( (g -1  _ 1).w + w). 

Because (g-1 _ 1).w is contained in A by (ii) of Lemma 5.1, we have 

(O3.g,(g).f)(w) ~ 1/)(~((W, (g--i 1).'w}})f(w)= ~b(~{((g- i ) .w ,w}) ) f (w)  

from (2.4.2). Because Gg,d/n is a subgroup of K~, we know that the map ~bw: g ~-~ 

'~['(½1(g - 1).w,w}}) is a character of GL,d/n by Lemma 8.5 of [Pan02a]. Thus 

G£,d/n acts on the one-dimensional space spanned by H(f)  via the character g'w- 

By (i) of Proposition 6.2 in [Pan02a] we know that G~,(d/n)+ acts trivially on the 

space II(f) .  Hence, we can and will regard g,~ as a character of Gr.,d/~/GL,(d/~)+. 
From the previous paragraph we know that the action of G~,d/n/G£,(d/n)+ on 

Vc~,("/~) + contains the character ~/'w. If the fJL,(_d/n)+-coset in 9£,-d/n present- 
ing ~/'w contains a nilpotent element, then from Theorem 5.2 of IMP94] we know 

that the depth of 7r is strictly less than din.  This contradicts our assumption 

that the depth of ~r is d/n.  Hence, (G£,d/n, g'~) is an unrefined minimal K-type 

of (Tr, V). Now we consider the other side. We have the following proposition 

whose proof is in section 8. It was J.-K. Yu who observed (ii) of this proposition 

should be true. 

PROPOSITION: Let £, d, n, £~, w be given as above. 
(i) Suppose that gcd(d, n) = 1. Then £' is regular. 

(ii) Suppose that gcd(d, n) = 2 and £~ is not regular. Then there exists a 
regular small admissible lattice chain M (resp. M ~) in F (resp. F ~) with 
numerical invariant (n/2, rno) (resp. (n/2, rn~o)) for some too, rn~ such that 
n /2  + d/2 + m o +  m~o is even and w belongs to B ( M ,  M' ,  d/2 ) , /2 • 

Renaming Ad' as £~ (M as £, n/2  as n, and d/2 as d) if necessary, we may 

say that £~ is a regular small admissible lattice chain in V ~. Define the character 

g'~w of G~,,d/n by 

! ! 
for gl E G~,,d/n. We know that the restriction of ~b,, to G£,(d/n) + is trivial 

because w is in B(£,  £',  d/n).  Hence, we regard ~/,~ as a character of the quotient 

group G~,d/n/G~£,(d/n)+. By the same argument before Proposition 5.3 we know 

that the g~' ,(- d/,)+-c°set in 9£',-d/n~ presenting the character ~ ,  cannot contain 

any nilpotent element. Otherwise, the depth of (Tr ~, V t) is strictly less than din.  
But we know that the depth of (Tr, V) is equal to the depth of (Tr', V') by Theorem 
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! ! 
6.6 in [Pan02a]. Thus we see that  (G£,d/n, ~3w) is an unrefined minimal K-type 
of (rr', V'). 

We summarize what we have obtained up to now. Suppose that (rr, V) and 

(rr', V') are two irreducible admissible representations paired in the theta cor- 

respondence and the depth of one representation is positive. Then there is a 

regular small admissible lattice chain L: (resp. L:') in 12 (resp. F') of period n and 

G ! ! a element w E B(£,  £' ,  d/n) such that (Gc,d/,, g%) (resp. ( L',d/n' ~bw)) is an 

unrefined minimal K-type of (rr, V) (resp. (rr', 1/')). 

5.4. Let L: and d be given as in subsection 5.2. The Cayley transform induces an 

isomorphism of abelian groups between G~2,d/n/G£,(d/n)+ and gC,g/n/gZ.,(d/,~)+ 
defined by 

(5.4.1) g + ac,(d/n)+ ~ (1 - g)(1 + g ) - i  + ~L,(d/n)+ 

for g E Gz,d/n. The trace form ~ of g gives an isomorphism between g and t~*. 

Moreover, it induces an isomorphism from gL,d/n/l~L,(d/,)+ to g*£,d/n/g*L,(d/n)+ 
defined by 

(5.4.2) X -~ ~E,(d/n)+ ~ (•r ~ ~ ( X ,  Y ) )  -}- ~*E,,(d/n) + 

for X G gL,d/~ and Y E g. We know that there is a non-degenerate pairing 

(5.4.3) lJL,d/n/l~£,(d/n)+ ;< fJ*g_d/n/l~*g,(_d/n)+ --} fF 

given by 

(X + gL,(d/n)+, Z + g~,(-d/,)+) ~-+ Z(X) (modpF) 

for X C l~C,d/n and Z E fJ*c,-a/n" Therefore, we have the isomorphism between 

g*C,-d/n/g*C,(-d/n)+ and the Pontrjagin d u a l  (lJl:,d/n/l~E,(d/n)+)h given by 

(5.4.4) Z --[- ~ , ( _ d / n ) +  ~ ( a  ~ -'[- ~E,(d/n)+ ~ ~ ' ( Z ( - V ) 7 : U ~ F - 1 ) )  

for X C l~,d/n and Z C i~*~,-d/~ By (5.4.1), (5.4.2) and (5.4.4) we obtain an iso- 

morphism between the Pontrjagin dual (Gz.,d/n/GL,(d/n)+)n of G~,d/~/GL,(d/n)+ 
and the quotient l~Z,-d/n/l~,(-d/n)+. Therefore, there is an element X~ E 

l~,-d/n such that the coset Xw + l~L,(-d/n)+ represents the character ~ ,  of 

GL,d/n/Gn,(d/n)+. In fact, the condition 

(5.4.5) ~/'w(g) = ~b(~B(X~, (1 - g)(1 + uj J~F ) 

must be satisfied for ,~b~, X,~ and any g E Gz~,d/n. Now 

(1+g)-~ =2-1(1+ ( ~ ) ) - 1 = 2 - 1 ( 1 +  ~-~ (~-~--~)i). 
i=1 
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Clearly ~(X,  2 -1 ~ (Lr-~)iw~ aF+I) belongs to the kernel of g,. Hence, (5.4.5) i=1 2 

becomes 

(5.4.6) 1 (1 -- g))~XP-1 ) 

for any g E aL.d/n • 

5.5. Let w, X~ be as in subsection 5.4. Now we want to investigate the relation 
between w and Xw in more detail. Assmne that w = )-~i 7i C) r]i is an element 
in the lattice B(£, £~, d/n) for some 3i ~ F, ~7,i C "2 ~. From the definition of the 
form ((, }) in subsection 2.2 we have 

i i 

=g,(~TrdD/F(~j((g--1)."/~,"/j)r((,~,,j)'))) 

~.) 

for g E Gc,d/,~. Because ee~ = -1  and TrdD/F(ab) = TrdD/g(ba) for any two 
elements a, b in D, we have 

g,(~ (((g- 1).w, w))) 

:~/,(4TrdD/F ( E((g--1).'Ti,--e'Tj(',,j,,i)')+ ((g-- i).'~j(~j,,i)','Ti)) ) 
i,j 

=g' (~3 ( ~  ~c~,%(v,,v,)', ~ (1 - g ) ) )  
z,J 

. . 1  1--£F 1 / ~ -  g)) ~:~-- 1) 

1 __I--AF by (4.2.2). Hence, by (5.4.6), Xw can be chosen to be ~Z;;; F E i , j  C%,%(r~j,rli)" 

which is just 9J~(.w) defined in subsection 4.3. Similarly, if/2~ is a small admissible 
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lattice chain and g~ is an element in G~,,d/n, then we have 

¢ ( ~ ( ( ( g ' - 1 ) . w , w ) ) )  =~P(~TrdD/F ( i~j (7~,Tj)7(((g'-- l).r/i,~/j)')) ) 

=¢ (1TrdD/F(~ id ( (g ' - l ) . y i ,Y j ) ' r ( ( 7 i ,T j ) ) ) )  

, 

The last equality is obtained by the same argument as above. Note that  we have 

used the property TrdD/F(a)  = TrdD/F(T(a)) for a E D. We summarize our 

discussion as the following theorem which is our main result in this paper. 

THEOREM: Let (G,G') := (U(F),U(F')) be a reductive dual pair  of  

orthogonal, symplectic or unitary groups. Let (zr, V) (resp. (~r', V')) be 

an irreducible admissible representation of U(F) (resp. U(F')) .  Suppose that 
7r, 7c t correspond in the theta correspondence and the depth of (Tr, V) is posi- 
tive. Then there exist a positive integer d, an element w E W and a regular 
small admissible lattice chain £. (resp. £') in F (resp. F ~) of period n such that 
(G£,d/,,, 92t(w) + gL,(-d/n)+ ) (resp. (G~,,d/n , 9Yt'(W) + 9~',(-d/n)+ )) is a minimal 
I -type of v) (resp. v')). 

5.6. AN APPLICATION. In this subsection we give an application of Theorem 

5.5 to theta  correspondence for a dual pair of unitary groups. Now we assume 

that  D is a quadratic extension of F.  Hence, both U(F) and U(F ~) are unitary 

groups. Let k be a non-trivial character of U(V) of positive depth. It  is not 

difficult to see that  the unrefined minimal K-types  of k must be of the form 

(GL,a/n, ~) for some positive integers d and n where { is presented by a coset 

X +g~,-(d/n)+ and X is a non-zero scaler matrix in g C_ End(P).  Suppose that  a 

is an irreducible admissible representation of U(F) of depth strictly less than the 

depth of ~. Then it is clear that  a • ~ is an irreducible admissible representation 

of U(V) of depth equal to the depth of k. The coset X + gz:,-(d/,~)+ still presents 

the second component of an unrefined minimal I f - type  of (r Q ~2. Moreover, all 

unrefined minimal K-types  of c~ C~ ~ must be of this form. 

THEOREM: Let (U(V), U(V')) be a reductive dual pair of two unitary groups. 
Suppose that cr is an irreducible admissible representation of U(V) and k is a 
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character of U(V) of depth strictly greater than the depth of a. I f  the repre- 

sentation ~ Q )~ occurs in the theta correspondence, then the dimension of 12 ~ is 

greater than or equal to the dimension of V. 

Proof Let zJ be the irreducible admissible representation of U(V0 correspond- 

ing to a Q •. By Theorem 5.5 we know that there exist an element w E l/Y 

and a regular small admissible lattice chain E (resp. E') in V (resp. V ~) such 

that ffJI(w) + gC,(-d/~)+ (resp. 9Jt~(w) + fl~',(-d/n)+) is the second component of 

an unrefined minimal K-type of a ® ~: (resp. zrr). From the remark before the 

theorem we know that 0Jr(w) must be a scalar matrix. In particular, the rank of 

the matrix fl)I(w) is equal to the dimension of V. From (4.3.3) and (4.3.5) we see 

that the rank of 9Yt(w) is less than or equal to the mininmm of the dimensions 

of V and V ~. Hence, the dimension of Y~ has to be greater than or equal to the 

dimension of 12. | 

This theorem says that certain irreducible admissible representations of U(12) 

cannot occur too early in the theta correspondence. 

5.7. 

COROLLARY: Let (U (V), U(V') ) be a reductive dual pair of two unitary groups. 

Suppose that ,( is a character of U(V) of positive depth and occurs in the theta 

correspondence. Then t,he dimension of V' is greater than or equal to the dimen- 

sion of V. 

Proof This follows from the previous theorem by taking a to be the trivial 

representation of U(12). | 

It is well known that the corollary cannot be true if ~, is not assumed to be of 

positive depth. 

Let cr be an irreducible admissible representation and ~t a character of U(F) 

such that  the depth of a is strictly less than the depth of 1_,_, o It is obvious that 

a G X is still an irreducible admissible representation of U(F)2 Let sgn denote the 

sign character of U(F). We regard sgn as a character of U(F) via the extension 

U(V) --+ U(F). Let P~+ be the eMmrmitian space given by the condition 

eE/F((--1) ~+('~:-1~ det(V'+)) = +1 

where m ± is the dimension of Y r±. Let m + (resp. too) denote the dimension of 

Y ~+ (resp. Y'- ) such that a ,3 "( (resp. (a C) X) O sgn) first occurs in the theta cor- 

respondence for the reductive dual pair (U(F), U(F'+)) (resp. (U(I2), U(F ' - ) ) ) .  
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It is conjectured in [MHS96] tha t  

(5.7.1) m + + m o = 21 + 2 

where I is the dimension of V. According to Theorem 5.6, we must have m0 ~ _> l 

and m o >_ I. Therefore, if the preservation principle (5.7.1) is true, then we 

conclude tha t  

{m+ m o } = { { l , l + 2 } ,  w h e n m i a n d l a r e ° f t h e s a m e p a r i t y ;  
{l + 1, l + 1}, when m and l are of the opposite parity. 

6. P r o o f  o f  P r o p o s i t i o n  4.3 

6.1. 

LEMMA: Let  £ be a regular sma//admissible  lattice chain of  period n in V, d a 

positive integer and ~ the integer in (3.1.1). Then ~£.,-d/n is generated by those 

Cx,y's with x, y E V satisfying the following two conditions: 

(i) x in L~, y in Lj  for some i, j such that i + j >_ - d  - 1 ÷ n - no - ~n: 

(ii) x in Li,,  y in L~, for some i ~, j '  such that  i' + j~ >_ - d  - 1 + n - no - gn. 

Proo~ By Proposition 7.3 of [Pan02a] we know tha t  g~,-d/n is generated by 

those Cx,u'S with x, y E V satisfying the following conditions: 

OrdL; (x) + OrdL3+ d (y) _> --h:; OrdL; (y) + ordLj+~ (x) >_ --t~; 

(6.1.1) ord(L~). (x) + Ordn~+d(y ) _> --g; ord(L~). (y) + ordn~+d(x) _> --g 

for all j E Z. By the same proof of Corollary 7.7 in [Pan02a] we can show tha t  
the conditions in (6.1.1) are equivalent to (i) and (ii) of the lemma. | 

6.2. 

LEMMA: Let  £ = {L i } i e z  be a small admissible lattice chain with numerical 

invariant (n, no), and ~ the number defining the duali ty  of  lattices in (3.1.1). 

Then 

(6.2.1) 

for any integers i, j .  

Proo~ We have L~ 
then (Li, L~) C p~ = p~+[( i+j+no) /nJ .  

J 

lemma follows easily. | 

<L~, L~> C_ p ~+L(i't-j+n°)/nj , 

= L*j_no from (3.2.1). So if - j  - no + n > i _> - j  - no, 
Since Li+kn : ni  ~ k  for all i and k, the 
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6 . 3 .  P R O O F  OF P R O P O S I T I O N  4 . 3 .  

Proof: Suppose tha t  w is an element in B ( £ ,  £' ,  d /n ) .  Write w = ~ i  ai C~ b~ for 

ai  ~ ~;, bi E F t. W e  know tha t  

(6.3.1) 

A L +LTn ["1 L +/j 
i+j  =# i T  j = #  

i + j = p + n -  1 i + j = u + n -  1 

where # :=  ( - n  - no - nlo - d)/2.  Suppose tha t  ai E Lk, bi E L~,, aj E L~, 

bj E L~l, for some k, U, l, l ~. Then  we can require tha t  

k + U > p + n - 1 ,  
(6.3.2) 

l + l  ~ > _ p + n -  1 

by (6.3.1)• Now we have (bj, b i)' E p t~'+[(k'+l'Wn~°)/nj by Lemma 6•2. Then  

(6.3.3) aj(bj ,  bi}' E L~w È'+L(~'+~'+''°)/nj = Ll+(,¢+i(k,+t,+,,o)/~D~. 

Note tha t  
A -- ~ AF if D is unrarnified over F ;  

L 2AF - 1 if D is ramified over F .  

Hence, p~-;,F = pl-;~ Now we have 1~.,1-;~F~ 1 • 2 ~ F  ta~,%(b.~,b~), = "~C 1-~ F , , ,  • ~ alvz F ,aj(bj,b~? 
SO 

(6.3.4) 1--AF L ~ 1--)~F 
a i z~YF  E k~'F = LkP ~-~ = Lk+(1-~-~')n" 

Then we have 

k + (1 - ~ - ~ ' ) ~  + l + (~' + L(k' + l' + ,~'o)/.J),~ 
I _>k + (1 - t ~ -  t~)n + 1 + n~n + k ~ + 1 ~ + n o + 1 - n 

> _ - d - l + n - n o - ~ n  

from (6.3.2). By the same argmnent  we can show tha t  a i ~  1-)'F is in L~, aj(bj,  bi)' 

is in Lr for some r , s  such tha t  r + s  _> - d -  l + n - n 0 -  t~n. Therefore, 
1 __I--AF : ~w F c~,%(b~,b~), E gL,-g/~ by Lemma 6.1. From (4.3.5), we have ff.~(w) = 
1 __I--)~F 
-2=VJF E i , j  Ca,,a3 (b3 ,b~} '• T h u s  t h e  proposit ion is proved. | 
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7. P r o o f  of  P r o p o s i t i o n  5.2 

Proposition 7.1 is used in the proof of Proposition 5.2 in subsection 7.2. In 

subsection 7.3-7.7 there are a few lemmas that  will be used for the proof of 

Proposition 7.1 in subsection 7.8. Most of the approach in this section was 

suggested by Jiu-Kang Yu. Let G denote the classical group U(V). 

7.1. 

PROPOSITION: Let e be a non-negative integer and f14 be a regular small 
admissible lattice chain in V with numerical invariant (m, too). Then there ex- 

ist a non-negative integer d and a regular small admissible lattice chain £ with 
numerical invariant (n, no) satisfying the following conditions: 

(i) d/n = e/m; 

(ii) gcd(d, n) = 1; or gcd(d, n) = 2 and no = 1; 

(iii) GL,(d/n)+ C_ C~M,(e/m)+. 

The proof of this proposition is in subsection 7.8. 

7.2. PROOF OF PROPOSITION 5.2. 

Proof: Now we are ready to prove Proposition 5.2. By Proposition 3.4 we know 

that  an irreducible admissible representation (~r, V) of G of positive depth has a 

minimal K- type  (GM,e/,~, ~) where A4 is a regular small admissible lattice chain 

of period m in P. 

First, suppose that  m = 1 and A4 := {Mi}iez is not self-dual. In this case, 

we know that  Mo ~ M~w k for any k and M~ ~ At. Let £ be the regular 

self-dual lattice chain generated by {M0, M~}. Clearly the numerical invari- 

ant of £ is (2, 1). Moreover, it is easy to check that  GM,(~+I)/1 = Gz,2(e+l)/2 

and GM,(e/1)+ = G£,(2e/2)+ for any non-negative integer e. Hence, it is clear 

that  (~r, V) has a minimal K- type  of the form (G~,2¢/2, C) for some ~. Clearly 

ged(2e, 2) = 2. 

Next, suppose that  m > 1. Because we assmne that  (7r, V) has a minimal 

K- type  (GM,e/m,~), we know that  VC~.(~/'~) + is non-trivial. By Proposition 

7.1, we know that  there is a regular small admissible lattice chain £ with numer- 

ical invariant (n, no) and a positive integer d such that  GE,(d/n)+ C_ GM,(e/m)+. 
Hence, VGc,ld/~) + is also non-trivial. Therefore, (Tr, V) must have a minimal K-  

type of the form (GL.g/n, ~) for some ~. Now we know that  gcd(d, n) = 1 or 2. 

If  gcd(d, n) = 2, then we also know that  no = 1. In this case n is even and it is 

known that  E is self-dual from subsection 3.1. | 
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7.3. By proving Proposi t ion 7.1. we need few lemmas. 

LEMMA: Let M :=  {A/~i}iEz be a regular small admissible lattice chain of 

numerical invariant (m, too). I f  M ;  E M for some t, then M~ = M- t -mo .  

Proo~ This is obvious from condition (iv) in subsection 3.1. | 

7.4. Suppose tha t  A~ :=  {Mi}iez  is a small admissible lattice chain of period 

k n w i t h k  > 1. Let t be an integer such tha t  0 < t < k - 1 .  Let A4 t,k be the 

set of  lattices {Li}~ez with Li :=  Mik+t. I t  is clear tha t  if My E Mr'k, then 

Mj+ik C M t'k for any i. Now Li+~ = M(i+n)k+t = Mik+t+kn = Mik+tva = Liw.  

Hence, M t'k is a lattice chain of period n. 

LEMMA: Let .£4 be a regular small admissible lattice chain with numerical 

invariant (kn, mo) for k > 1. Suppose that m o =  O. Then AJ °'k is regular 

small admissible. 

Prod:  We know tha t  M °'k is a lattice chain of period n. It  is clear tha t  AJ °'k 

is regular because A/t is regular. Suppose kn is odd, Then  we have M~ = M_j  

for any j ~ 0 m o d k n .  Now n is also odd and L* = Mi* k = M- ik  = L - i  for 

any i ~ 0 rood n. Suppose kn is even and n is even. Then we have My* = M_j  

for a n y j  ~ 0 o r  kn/2  m o d k n .  N o w L * =  31" k = M-ik---- L - i  for a n y i k  ~ 0 

or kn /2  mod kn. The condition ik ~ 0 or kn/2  m o d k n  is equivalent to the 

condition i ~ 0 or n / 2  m o d n .  Suppose kn is even and n is odd. Then we have 

~I~ = M_j  for any j ~ 0 or kn/2  rood kn. Clearly we have L~" = -~I~. = M-ik  = 

L - i  for any i ~ 0 m o d n .  Clearly condition (v) in subsection 3.1 is also satisfied 

for AJ °'k. Hence, ~4 °'k is a regular small admissible lattice chain with numerical 

(n,0). . 

7.5. 

LEMMA: Let AJ be a regular small admissible lattice chain with numerical 

invariant (kn, too) for k > 1. Suppose that mo = 1 and k is odd. Then A~ k''~" is 

a regular small admissible where k' = (k - 1)/2. 

Proof'. We know tha t  A4 k',k is a regular lattice chain of period n. Suppose kn 

is odd. Then  we have M~ = M_j for any j ~ 0 mod  kn. It is not  difficult 

to check tha t  the condition i ~ (n - 1)/2 m o d n  is equivalent to the condi- 

t ion i k + k '  ~ ( k n -  1)/2 nlodkn. Now n is also odd and L* = Mi*k+ k, = 

M-ik -k , -1  = -AI-(i+l)k+k, = L - i - 1  for any i ~ (n - 1)/2 m o d n .  Suppose 
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kn is even. Then we have M~ = M_j  for all j .  Now n is also even and 

L~ = M~*k+k, = M - i k - k , - 1  = M-(i+l)k+k' = L - i - 1  for all i. I t  is not  diffi- 

cult to see tha t  condition (v) in subsection 3.1 is also satisfied for 2t4 k''k. Hence, 

34  k''k is a regular small admissible lattice chain with numerical invariant (n, 1). 
| 

7.6. 

LEMMA: Let ]t4 be a regular small admissible lattice chain with numerical in- 

variant (kn, too) for k > 1. Suppose that either (1) mo -- 1, k -- 2k' + 1, t -- k',  

or (2) mo -- O, t -- O. Then for any d >>_ 0 we have 

GMt,k,(d/n)  + C_ G.Ad,(kd/kn)+. 

Proo~ We already know tha t  Ad t'k = {Li}/Ez is a regular small admissible 

lattice chain of period n from Lemmas 7.4 and 7.5. Let (n, no) denote the nu- 

merical invariant of Ad t'k. Suppose tha t  g is an element in GA4t.k(d/n)+. Then 

for any integer i from (3.2.2). We know (g - 1).Li C Li+d+ 1 

L~+d+,=L* * --M:~ - i - d - l - - n o  = M ( - i - d - l - n o ) k + t  +d+l+no)k- t -mo" 

Then we have ( g -  1).M~k+t C_ M~i+d)k+k+nok_t_m ° for any integer i. First, 

suppose tha t  m0 = 1, k = 2k' + 1, t = k'. Then no = 1 and (g - 1) .Mik+k,  C_ 

M ~ If j is any integer, then there is an integer io such tha t  iok + k' < ik+k I +dk+k" 
j < (io + 1)k + k'. Therefore, (g - 1).Mj C_ (g - 1).Miok+ k, C_ M~ok+k,+dk+ k C_ 
M~+dk+l. Secondly, suppose tha t  mo = 0, t = 0. Then no = 0 and (g - 1).Mik C_ 

M~k+dk+ k. If  j is any integer, then there is an integer io such tha t  iok <_ j < 

(io + 1)k. Therefore, (g - 1).Mj C _ (g - 1).Miok C _ M~ok+dk+k C _ M~+dk+l. 

Because g is an element in GMt.k,(d/n)+, we also know that  (g - 1).L~ C_ Li+d 

for all i. We have 

L~ = L*i_no = M~_i_no)k+t = M~i+no)k_t_mo. 

Then  we get (g - 1)-M~k+nok-t-mo C_ Mik+dk+t for all i. First suppose tha t  

mo = 1, k = 2 k ' + l ,  t = k'. Then no = 1 and (g--1).M~k+k, C_ Mik+k'+ak for all i. 

I f j  is any integer, then there is an integer io such tha t  iok+k '  <_ j < ( i o + l ) k + k ' .  

I f j  = iok + k', then clearly (g - 1).M~ C_ Mj+dk. If  iok + k' < j < (io + 1)k + k', 

then we have 

~ Miok +k' +dk +k-1  

~ Mj+dk .  
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Secondly, suppose tha t  rno = 0 and t = 0. Then  no = 0 and (g-1).M~k C_ M~k+dk. 
If  j is any integer, then there is an integer io such tha t  iok < j < (io + 1)k. If  

j = iok, then clearly (g - 1).M~ C_ Mj+dk. If  iok < j < (io + 1)k, then 

(g - 1).M~ C_ (g - 1) .Mj-1  C (g - 1).Miok C_ M~ok+d~+k C_Miok+dk+k-1 

~ ]~/[ j + dk " 

Therefore, (g - 1).Mj C_ M~+dk+l and (g - 1).M~ C_ Mj+dk for any integer j 

for bo th  cases. Hence, g is also an element in G34,(kd/kn)+. Thus we have proved 

tha t  GM~,k,(d/~)+ C_ G.M,(kd/kn) +. E 

7.7. 

LEMMA: Let AJ be a regular small admissible lattice chain of numerical invariant 
(4n, 1). Let £ be the collection of lattices {Mi I i - 0 or 3 (rood4)}.  Then £ is 

a regular small admissible lattice chain of period 2n. And for d >_ 0 we have 

G£,(2d/2n)+ ~ GM,(4d/4n)+" 

Proo~ Because now the period of Ad is even and m0 = 1, we know tha t  A4 is 

self-dual from subsection 3.1. Therefore, we have Mi = M~ = M*_~_ 1. But  we 

know tha t  i =- 0 or 3 (mod4)  if and only i f - i -  1 - 0 or 3 (mod4) .  Define 

Li :=  M;i  i f i i s e v e n ,  and Li :=  M2i+l i f i o d d .  Then it is clear tha t  £ i s  a 

regular self-dual lattice chain. Hence, £ is regular small admissible. And it is 

obvious tha t  the period of £ is 2n. 

Now if g E G~,(2d/2~)+, then (g - 1).Li C_ Li+2d+l for any i. Then  we have 

(g - 1).M2i C M2i+4d+3, if i is even; 
(g - 1).M2i+1 _C M2i+4a+2, if i is odd. 

Then  we conclude that  (g - 1).My C_ Mj+4d+I for any j .  Because Ad is self-dual, 

we conclude tha t  g is an element in GM,(4d/4~)+. Hence, we have G£,(2d/2n)+ 
GM,(4d/4n)+" | 

7.8. PROOF OF PROPOSITION 7.1. 

Proof: Let k be gcd(e,m). Write m = kn and e = kd. Suppose tha t  m0 = 0. 

Let /2 be the lattice chain M °'k given in Lemma 7.4. Then clearly d/n = e/m, 

gcd(d, n) = 1 and G£,(d/n)+ C GM,(e/rn)+ by Lemma 7.6. 

Next suppose tha t  m0 = 1 and k is odd. Let £ be the lattice chain M k''k given 

in Lemma 7.5 where k' = (k - 1)/2. Then we have d/n = e/m,  gcd(d, n) = 1 

and Gz.,(d/,~)+ C GM,(e/m)+ by Lemma 7.6. 
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Now we suppose tha t  k = 2 and m0 = 1. Then  just  let £ = A4, d = e. Then  

obviously din  = e/m,  gcd(d, n) = 2 and GL,(d/~)+ C_ GM,(e/m)+. 

Finally, suppose tha t  k is a multiple of 4 and m0 = 1. Write m = 4n '  and e = 

4dq Let 3,1' be the lattice chain £ given in Lemma 7.7. Then  we have 2d'/2n' = 

e lm,  gcd(2d ' ,2n ' )  = gcd(e ,m)/2  and G~',(d'/n')+ C GM,(e/m)+. Repeat  the 

process; the si tuation can be reduced to the previous two cases by induction. 

The proof  is complete. | 

8. P r o o f  o f  P r o p o s i t i o n  5.3 

8.1. Let £ = {Li}iez  be a regular small admissible lattice chain in V with 

numerical invariant (n, no). Define vi :=  Li/L~+ 1 for each i and v :=  ~i~__-o 1 vi. 

Identify vi :=  Li/L~+ 1 with vi+~ :=  Li+~/L~+n+ 1 via the multiplication by w. 

Then  v is a vector space over f and graded by Z/nZ.  The quotient gC,d/~/gC,(d/~)+ 

can be regarded as a subset of endomorphisms of v. In fact, it is not  difficult to  

see tha t  an element in gC,d/n/gC,(d/n)+ is a graded endonmrphism of v of degree 

- d ,  i.e., it maps vi to Vi-d for each i. The following lemma is from [Yu98b]. 

LEMMA: Suppose that X is an element in l~L,-d/n. Then the following two 

statements are equivalent. 

(i) The residue class X + gL,(-d/n)+ contains a nilpotent element. 

(ii) The residue c/ass X + fiC,(-d/n)+ is a nilpotent endomorphism o f v .  

8.2. 

LEMMA: Suppose that one of the following three conditions: 

(i) ged(d,n)  = 1 and n > 1, 

(ii) £ is self-dual and n = 1, 

(iii) £ is self-dual and god(d, n) = 2, 

is satisfied. Then we have 

i+j=fz i+j=# i+j=l~ 

where # :=  ( - n  - no - n'o - d)/2. 

Proo~ Because Li C_ L~ and L} c_ L~, it is obvious tha t  

i+j=tt i+j=# i+j=# 
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' = Ly,  then Now we consider the opposi te  inclusion. If  ei ther Li  = L~ or L j  

it is clear tha t  L~ Q L} A L i  C)Ly C Li Q L}. Hence, the opposi te  inclusion is 

obvious when £ or £~ is self-dual. So now we only need to consider the case when 

gcd(d, n) -- 1. Because we assume tha t  n + no + n~ + d is even and gcd(d, n) = 1, 

no + n~ has to be odd when n is even. Suppose tha t  n is even and no = 1. In 

this case we know tha t  t; is self-dual. Suppose tha t  n is even, no = 0 and n~ = 1. 

In this case we know tha t  £1 is self-dual. 

Suppose t ha t  n is odd, no = 0 and n~ = 0. If  Li  ¢ L~ and L'.3 ~- L~ for some 

i , j  such tha t  i + j = it, then  i and j are mult iples of n from subsection 3.1. 

Hence, p := ( - n  - d - no - n~o)/2 is a mult iple of n. So d is a mult iple  of n. This  

contradicts  the assumpt ion  tha t  gcd(d, n) = 1 and n > 1. 

Suppose tha t  n is odd, no = 0 and n~ = 1. If Li ~ L~ and L'.j 5£ L~ for some 

i , j  such tha t  i + j = #, then i is a mult iple  of n and j - (n  - 1 ) /2  (modn) .  

Hence, we get ( - n  - d - no - n~o)/2 -- (n  - 1)/2 ( m o d n ) .  So d is a mult iple  of 

n. This  contradicts  the assumpt ion  tha t  gcd(d, n) = 1 and n > 1. Suppose tha t  

n is odd,  no = 1 and n~ = 0. The  s i tuat ion is the same as the previous case. 

Suppose tha t  n is odd, no = 1 and n~ = 1. If  Li ¢ L~ and L} ¢ L} ~ for some 

i , j  such tha t  i + j  = #, then i = (n - 1) /2 ( m o d n )  and j = (n - 1) /2 ( m o d n ) .  

Hence, we get ( - n - d - 2 ) / 2  = n - 1  (modn) .  So d i s  a m u l t i p l e o f n .  This  

contradicts  the assmnpt ion  t ha t  ged(d, n) = 1 and n > 1. 

So we have proved tha t  if gcd(d, n) = 1, then  there is no i such tha t  Li ~ L~ 
and L I . ¢ i~ i i~ u_~ L,_~.  So we have either Li = L~ or L . _  i = L . _  i for all i. Hence, 

i + j = #  i+j= u i+ j=p  

The  proof  is complete.  | 

8.3. 

LEMMA: L e t  w be an e l e m e n t  in B ( E , £ ' , d / n ) .  T h e n  9Jt(w) + ge , ( -a /n)+ is a 

' n i l p o t e n t  n i l p o t e n t  e n d o m o r p h i s m  o f  v i f  and on l y  i f  9Jt '(w) + g£ ' , ( -d / . )+  is a 

e n d o m o r p h i s m  o f  v ' .  

Proof'. I t  is not  difficult to see tha t  ~I~(w) + ~£;,(--d/n)+ is a ni lpotent  endomor-  

ph ism of v if and only if there exists a number  k such tha t  fO~(w)k(Li)  C_ L i - k d W  

for all i. Similarly, g21(,w) + gC',(-d/~)+ is a ni lpotent  endomorph i sm of v '  if and 

only if there exists a number  k such tha t  9Jtl(w)k(L~) C_ L~_kd:a for all i. Write 
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w = ~ i  ai ® bi for ai E 12 and bi E 12 I. We know tha t  

9Jr(w) = 1 :vl_XF -~ Y E Cal,a,(b~,bJ' and KI/'(w) = ~ FI~I -~F E Cbi,b~(a~,ai) 
i , j  i , j  

f rom subsection 4.3. Note tha t  Ca,b(X) = a(b, x} - eb(a, x}. Hence, it is clear tha t  

ffri(w) + gC,(-d/n)+ is a ni lpotent  endomorph i sm of v if and only if 
! ~i~1(W) -~ ~L,,(_d/n)+ is a nilpotent  endomorph i sm of v' .  | 

8.4. PROOF OF (i) OF PROPOSITION 5.3. 

1 n Proof." The  endomorph i sm (9) I~(w)+  l~r~,,(-d/n)+) is a combinat ion  of 

composi t ions  

I l l ! I 
(8.4.1) v i --~ v i _  d ~ . . .  - +  Vi_(n_l)d ~ V i _ n d  = V i 

for all i C Z / n Z .  Now suppose tha t  there are two latt ices in t: ~ which co- 

incide. Hence, a certain v{ is trivial.  F rom the assmnpt ion  gcd(d, n) = 1 
%0 

there is a number  k such tha t  0 _< k < n and i - kd ==- io ( m o d n )  for any 
! n ! i. Hence, (9")l'(w) + 9~,,(-d/n)+ ) is trivial.  Therefore,  9IV(w) + gL,,(-d/n)+ is 

a ni lpotent  endomorph i sm of v ~. Then  by L e m m a  8.3, ffJ/(w) + gL,(-d/n)+ is 

a ni lpotent  endomorph i sm of v.  Therefore,  by L e m m a  8.1 the residue class 

ffJI(w) + gL,(-g/,~)+ contains a ni lpotent  element. But  we know tha t  the coset 

!l)t(W)+gL,(-d/n)+ presents the character  ¢w from subsections 5.4 and 5.5. Hence, 

the coset 9)I(w) + 9L,(-a/n)+ cannot  contain any ni lpotent  element by the argu- 

ment  before Proposi t ion 5.3. Thus we obta in  a contradiction.  Therefore,  any 

two latt ices in t; ~ must  be distinct.  | 

8.5. Now we s ta r t  the p repara t ion  for the proof  of (ii) of Proposi t ion  5.3. First ,  

we have to construct  the latt ice chains 2t4 and A4 I. The  construct ion is in this 

and the next  subsections. The  main  body  of the proof  will be in subsection 8.10. 

For simplici ty in nota t ion  we will replace n, d by 2n, 2d respectively from now 

on. So now we have gcd(d ,n)  = 1. Moreover,  we know tha t  £ = {Li} iez  is 

a regular small  admissible latt ice chain in Y with numerical  invariant (2n, 1), 

£i  = {L~}iez is a non-regular  small  admissible latt ice chain in 12' with numerical  

invariant (2n, 1), and w is an element in B(t ; ,  £1 ,2d/2n) .  We note tha t  bo th  

£ and £ '  are self-dual in the present  situation. Because £1 is not regular,  we 

assume tha t  there is an l such tha t  0 < l < n and Ltl = LI+ 1. Define a number  

- d -  1, if l +  d is odd; 
(8.5.1) ~1 ~ :=  - n - d - l ,  if l + d is even and n is odd; 

- 2 d  - 1, if l + d is even and n is even. 
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! ! l* 
L E M M A :  There is a unique integer k ~ such that L~?,_2k, d is similar to L l or LI+ 1 

where 0 < k' < [~-~J for the first two cases in (8.5.1) and 0 < k' < ~ - 1 for 

the third case. 

I* Proof'. We know tha t  Lt+ 1 = L~_~_2 from subsection 3.1 because now n~ = 1. 

Here we need to prove tha t  there is a number  k ~ such tha t  ~/~ - 2k~d - l or 

,jt _ 2Md + l + 2 is a multiple of 2n. Note tha t  bo th  r/~ - 1 and q~ + l + 2 are even 

for all three cases. Because now gcd(d,n)  = 1, there exist integers i l , i 2 , j l , j 2  

such tha t  rf - 1  = 2 i l d +  2 j ln  and .q~+ l + 2 = 2i2d+ 2j2n. We may  assume tha t  

0 < i l , i 2 < n .  Now 

2 j ln  + 2j2n =qt _ l - 2i ld  + ~ + 1 + 2 - 2i2d 

{ - 2 ( i l  + i2 + 1)d, if l +  d is odd; 
= - 2 ( i l + i 2 + l ) d - 2 n ,  if l + d is even and n is odd: 

- 2 ( i l  + i2 + 2)d, if I + d is even and n is even. 

This implies tha t  the number  il + i2 + 1 divides n for the first two cases. By our 

assumption,  we conclude tha t  il + i2 + 1 = n for the first two cases. Therefore, 
n - -  1 one of il ,  i2 is less than  or equal to [ - y - j .  For the last case il + i2 + 2 divides n. 

n _ 1. The  Then  il + i2 + 2 = n. Therefore, one of i l ,  i2 is less than or equal to 

uniqueness of k ~ is obvious. Thus the lemma is proved. | 

Let k r be the number  given by the above lemma. Define a set AJ~ of lattices 

to be 

(8.5.2) 
I ! I l* {LT, 2id}O<_~<_k, U {L~,+,_2id}k,+,<i<,~/2_l U {F' ,  Fro}, i f  n even, l odd; 

{Lv, 2id}O<i<_k, U {Lv,+l_2id}k,+l<i<n/2 , if n even, l even; 
! ! - -  

{L,j, 2id}O<i<k, U {L,l,+l_2id}k,+Ki<O,_l)/2 0 {F'}, if n odd, 1 odd; 
{Lv,_2id}O<i<k, U {Lv,+l_2~d}k,+~<i<(,_l)/2 U {F~},  if n odd, l even 

where F ~ (resp. F~)  is a fixed maximal  (resp. minimal) good lattice in Y t such 

tha t  L ~ C F ~ (resp. F~m C_ L t) for any good lattice L ~ in Z:'. Now the number  of 

'~ [ ~ - J  for others. Therefore, Ad~ elements in A4~ is ~ + 1 for the first case and is ~+~ 

can generate a small admissible lattice chain of period n as follows. We know 

tha t  a lattice L ~ e Z: ~ is similar to a good lattice L~ or the dual lattice of a good 

lattice L~. Define 

M'I := {L', L'* I L' e Mo {r ' ,  u ({r ' ,  n 

Now A4~ is a set of n lattices in Y'. Denote lattices in A4~ by 

_~rl / , i 
- k(n+l)/2J ' /~f -  L(n+D/2J +1 . . . . .  ~t[(n-1)/2J 
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such t ha t  M '  C_ M j  if i >_ j .  Let  M '  = { M ' } i e z  be the  la t t ice  chain genera ted  

by A//~ v ia  the formula M[+ n -- M~w. I t  is clear t ha t  M '  is a smal l  admiss ib le  

of pe r iod  n. 

8.6. Next  we can define a smal l  admiss ib le  la t t ice  chain A4 in V s imi lar  to  A4' .  

Define 

- d  - 1, if I + n is odd;  
(8.6.1) 7 / :=  - n - d - l ,  i f l  is odd and  n is odd; 

- 2 d -  1, if I is even and n is even. 

S imi la r  to L e m m a  8.5, we have the following lemma.  

LEMMA: There is a unique integer k such that  L~n_l_d_71_2kd is similar to L~* 

or LI+ 1 where 0 _< k <_ [~J for the /~rs t  two cases in (8.6.1) and  0 < k < n/2  

otherwise.  

Proof: Now we have t ha t  LI* = L'__t_ 1. Note  t ha t  b o t h  - n  - 1 - d - ~? - I - 1 

and  - n  - 1 - d -  y + l + 1 are even for the  three  cases. Because now gcd (d, n) = 1, 

there  exist  integers i3, i4,j3,j4 such t ha t  - n  - 1 - d - ~ - l - 1 = 2i3d + 2j3n 

and  - n  - 1 - d - ~ + l + 1 = 2i4d + 2j4n. We assume tha t  0 _< i3, i4 < n. Now 

2j3n + 2j4n = -  n -  1 -  d -  77- l -  1 -  2 i 3 d -  n -  1 - d -  ~] + l + 1 - 2i4d 

- 2 ( i 3  + i4)d - 2n, if 1 + n is odd;  
= - 2 ( i 3  + i 4 ) d -  4n, if l is odd  and  n is odd;  

- 2 ( i 3  + i4 - 1)d - 2n, i f / i s  even and  n is even. 

This  implies  t ha t  the  number  i3 + i4 divides n for the  first two cases. By our  

assumpt ion ,  we conclude t h a t  i3 + i4 = n for the  first two cases. Therefore,  one 

of i3, i4 is less t han  or equal  to [ ~ j .  For  the  last  case i3 + i4 - 1 divides  n. 

Hence, i3 + i4 - 1 = n. Therefore,  one of i3, i4 is less t han  or equal  to hi2. The  

uniqueness of k is aga in  obvious.  | 

Similarly,  let  A~0 be 

(8.6.2) 

{ {L,7_2id}O<_i<_k_l (2 {Lo+l-2id}k<_i<n/2-1 U if n even, l + d odd; 
{L~-2id}O<i<k-1 U {L,7+l-2id}k<_i<n/2, if n even, l + d even; 
{L,l_2id}O<_i<_k_ 1 [_J {L~+l_2id}k<_i<(n_l)/2 (3 {F}, if n odd,  1 + d even; 

{Lv_2id}o<i<k_l U {L,7+l-2id}k<i<(n_l)/2 U {Fro}, if n odd,  l + d odd,  

where F (resp. Fm) is a fixed max ima l  (resp. min imal )  good  la t t ice  in V such 

t ha t  L C_ F (resp. Fm C_ L) for any good la t t ice  L in £.  Let  A4 = {M~}iez be 

the  smal l  admiss ib le  la t t ice  chain of per iod  n genera ted  by M 0  as descr ibed in 

subsect ion  8.5. 
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8.7. 

LEMMA: 

Then 

Let  k' and k be the integers given by L e m m a  8.5 and 8.6, respectively. 

{ _~A if  n is odd; 
n k + k r =  5n - 1  i f  l is odd and n is even; 

i f  I is even and n is even. 

Proof'. Suppose tha t  l is even, d is odd and n is odd. So we have r / =  - d -  1, 
l 

71 = - d  - 1 from (8.5.1) and (8.6.1). Clearly, if Ln, 2k, d is similar to L~, then 

the lattice L~-n- l -d -n -2kd  is similar to L~l*; if  L~ ,2k ,  d is similar to Lt+l ,  then 

L ~ is similar to ~ So we have - n - l - d - ~ - 2 k d  LI+I- 

(~7' - 2k'd) + ( - n  - t - d - ~ - 2kd) -= - 1  (mod n). 

Therefore, (2k' + 2k + 1)d is a multiple of n. Because gcd(d, n) = 1, we know 

tha t  2k'  + 2k + 1 is a multiple of n. Because 0 < k < [~]  and 0 <_ k' < [.~_!], 

we have 2M + 2k + 1 = n. Hence, k + k ~ = (n - 1)/2. The proofs for other  cases 

are similar, so we omit  them. | 

8.8. 

LEMMA: Let  34,  M '  be the admissible lattice chains of  period n defined as above. 

Let  (n, too) (resp. (n, re'o)) be the numerical invariant of  34 (resp. 34') .  Then 
] 

n + mo + m o + d is even. 

Proof." Prom the construct ion 

(8.8.1) 

of the lattice chains 34,  34~ it is clear that. 

(1,1), if n + d is even and l is even; 
(m0, rn~) = (0, 0), if n + d is even and l is odd; 

(0,1), if n + d is odd and l is even; 
(1,0), if n + d is odd and l is odd. 

Therefore, n + m o  + m~ + d is even for all four cases. | 

8.9. AN EXAMPLE. Suppose tha t  2n = 14, 2d = 6, L~ = L],  i.e., l = 0. Now we 

have r / =  - 4 ,  LI_4 = L~*, L1_4_6 = L[10 = L~w -1, L1_4_12 = Lt_16 = L~*w -1. 
Therefore k' = 2, 

={Fm,  L3 ,  L4w , L 1 c~ j., 

3 4 ' L  ' *  ' *  '*  '*  ' ' ' : { F , n ,  L 4 , L  3 ` L  1 , L  1,L 3,L4}, 

and M is the small admissible lattice chain 

(8.9.1) 

C Ll l~ C_ i, ,, ,, ,, ,, _ L I w C _  L3 "a:7 C - L4 "~o" C_ - . . .  • -- F m w C L ~ C _ L ~ C _ L ~  C L ,  C 
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with numerical invariant (7, 1). Also, we have ~ = - 4 ,  L1_7_1_3_(_4)+6 = L~I = 

L~*. Then k = 1 and L-4  = L~, L-4+1-6 = L-9  = L5w -1, L-4+1-12 = L-15 = 

L ; w  -1. Hence, 3/10 = {F*, L;,  Lsw -1, L ; w  -1} and Ad is the small admissible 

lattice chain 

(8.9.2) - . - _ C L 0 w C L ~ w C _ L ~ w C _ L ~ w C _ F * w C _ L h C _ L 3 C _ L o C L ~ C _ . . .  

with numerical invariant (7, 1). The lattice chains A/[ = {M~}iez, A4' = {M[}iez 

are indexed such that  310 = L0 and M~ = L~. So M - s  = L~v~ -1, M-7  = Low -1, 

M-6  = L3w -1, 31-5 = Ls•  - i ,  3 I - 4  ~- P* ,  M - 3  = L~, M - 2  -- L~, 3II  = L~, 

M~ = L' = = L~* '* '* 3, M~ = L~, M~-I L~*, 31_2 , M-3  = L4,  M_4 = F m. By Lemma 
! --4 

8.2 we have B(£,  £', 6 )  = ni+j=-11 Li Q Lj = ni=-17  Li Q LP_11_i, and 

- 2  

- 6 - - i  
/ = - - 8  

* --1 I t =Lo;~ ~L  4nLow -1QL~NL3cv - I ® L  1 

n L ~ - '  G L7 n r~ o L~* n L; 0 L~* n L~ 0 r~ 
I I I ~ I 

=L-z5  GL4 N L-14 Q L 3 N L-11 Q L1 n L-9  ~ L_ 2 

n F * Q  L'_ 4 N L-6 Q L'_~ N L-4Q F~. 

Because L~ = n~, L~ 7 = L~* C F~ and n_7 = L$ C_ F*,  it is clear that  

B(£, L', ~4) c u(M, M', ~). 
8.10. PROOF OF (ii) Of PROPOSITION 5.3. 

Proo£" Recall that  d, n have been replaced by 2d, 2n since subsection 8.5. So 

now we have gcd(d, n) = 1. We know that  the numerical invariant of £ and £t 

are both (2n, 1). Then ( -2n  - 2d - no - n~o)/2 = - n  - d - 1. So we have 

B(~,L',2~/2~) = N L, o L~, 
i + j = - n - d -  1 

B(AJ,. / t4' ,d/n) = n M i Q  M;, 
i W j = ( - n - m o - m l o - d ) / 2  

by Lemma 8.2. Recall that  F (resp. Fm) is a fixed maximal (resp. minimal) good 

lattice in Y such that  L c_ F (resp. Fm C_ L) for any good lattice L in £,  and F ~ 

(resp. F~) is a fixed maximal (resp. minimal) good lattice in ];t such that  L ~ C_ F' 

(resp. F~m C_ L ~) for any good lattice L ~ in £~. We shall prove the proposition 

by discussing the six cases according to the pari ty of n, l, d. There are only six 

cases because n, d cannot both be even. For each case we define a lattice C in 14;. 
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Then  we check t ha t  C = B ( M ,  M ' ,  d /n)  and B ( £ ,  f_.', 2d/2n) C_ C. The p roof  

will be  wr i t t en  in de ta i l  for the  first case and  be sketchy for the  o thers  because  

the  checking is e l ementa ry  and  analogous to  the  first case. 

(1) Suppose  t ha t  l is even, d is odd,  n is odd.  Then  we have ~ = T / =  - d  - 1, 

m0 = m~ = 1 from (8.5.1), (8.6.1) and  L e m m a  8.8. Define the  la t t ice  C to be 

(8.10.1) 
* [ ~  * r / *  - 5  I 

F m C:~ L~, VI (L_n+2i d @/.,~,_2(i_l)dKY V'I L-n+2id (~ Lv,_2id) 
I < i < M  

X~ r l *  - 1  , 

N L_n_l+2(k ,+l)d  @ L~?,_2k,dViY VI L_n_l+2(k ,+l)d  @ L,l,+l_2(k,+l)d 

, r , ,  - 1  I 
A 0 (L -~ - I+  2id @ Ln'+l-2(i-1)d~CY N L-n-l+2id @ Lv,+l-2id) 

k'+l<i<(n--1)/2 

* - ,*  -1 (D Ft~*~ - ( d - I ) / 2 .  
N L _ n _ l + ( n _ l )  d @ Lr / ,+ l_ (n_3)d ' aY if) L_n_t+(n_l)  d 

Firs t ,  the  la t t ices  L~ which appea r  in (8.10.1) c lear ly  belong to Ad'  fl 'om (8.5.2), 

so does F ~ .  Secondly, we have L_n_l+(n_l)  d ,-o L-d-1  = L n and L- , - l+2 ia  "-' 

L~-2((n-1)/2-i)d. We know tha t  k + k'  -- (n - 1) /2  from L e m m a  8.7. There-  

fore, Fm and  the  la t t ices  L i which appea r  in (8.10.1) belong to fl/l f rom (8.6.2). 

Thirdly ,  i t  is not  difficult to  check t ha t  F *  = M-(~+1)/2 and L~ n, = M~,.2 = 

M~_d_l)/2. Therefore,  we have 

C =  N Mi~)  Mj  
i -Fj=(-n- 1)/2+(--d--  1)/2 

= N M; : B(M, M', 
i+j=(--n--mo --mlo -d)/2 

by L e m m a  8.2. Final ly ,  every t e rm  Li • L '  which appea r s  in (8.10.1) 3 
clearly satisfies the  condi t ion  t ha t  i + j = - n  - d - 1 except  for the  t e rm  

L* "~L l* w -1 L* = -n-l-l-2(kt+l)d %2 rfl-2Md . Now we have - - n - l + 2 t k ' + l ) d  Ln+l-2(kt-F1)d-l '  
E l ,  - 1  t V,_2k,d ~ ---- L_v,+2k,d_l_2n and n + 1 - 2(k ' + 1 ) d -  1 - r / +  2k'd - 1 - 2n = 

I *  , *  1$ 
- n  - d. We also have Ln,_2k, d --- Ln,_2k, d+ 1 because  Ln,_2k, d is s imi lar  to L' z 

l* I ! 
or Ll+ 1 and L I = Ll+ 1. So B ( £ ,  £ ' ,2d /2n)  c L*_l+2(t,.,+l)d ,~ '-'* -1 _ 1J~?~ _2MdUY . 
Hence, we conclude B ( £ ,  £', 2d/2n) C_ C. 

(2) Suppose  tha t  l is even, d is odd,  n is even. Then  we have r / =  - 2 d -  1, 

rf = - d  - 1 from (8.5.1) and  (8.6.1). We also have m0 = 0 and  rn~ = 1 from 
! 1 L e m m a  8.8. Moreover,  it  is not  difficult to check t ha t  L v, = M~,/2. Define the  
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l a t t i c e  C to  be  

* n * r t *  - 1  , F m G L',/, N (L_n+2i d 0 Lr/,_2(i_l)dU7 n L-n+2id Q Ln,_2ia) 
l<i<k' 

* L'* ~-1 , nL_n_l+2(k,+l)d~ ,7'-2k'd NL_n_l+2(k,+l)dOL,{+1_2(k,+1)d 
, r , *  - 1  ! 

n n (L-n-l+2id Q LV'+I-2(i-1)dW n L-n-l+2id @ L~,+l-2id) 
k'+l<i<n/2 

N p ~ - ( d + l ) / 2  ® Lv,+l_2(n/2_l)d. 

W e  j u s t  n o t e  t h a t  L_n_l+2(n/2_l)  d ~ L-2d-1  = L n. T h e n  e v e r y t h i n g  is com-  

p l e t e ly  a n a l o g o u s  to  case  (1). 

(3) S u p p o s e  t h a t  l is even,  d is even,  n is odd .  T h e n  we have  ~ = - d -  1, 
, ! 

~' = - n  - d -  1, m o =  0, m~ = 1, a n d  Lv, = M~,/2.  Define the  l a t t i c e  C to  be  

F ® L'v' n n * '* --1 , (L2i d Q Lv,_2(i_1)d~ N L2.id Q L~,-2id) 
l< i<k '  

• r , *  - - I  ' 
n L_l+2(k,+l)d @ L~I,_2Md'K7 n L_l+2(k,+l)d G Lv,+ l_2(k ,+ l )d  

n n (L*_l+2id --  T,* -1 , (.9 t~V,+I_2( i_I )d~ n L-l+2id @ Ln,+l_2id) 
k'Tl<i<(n-1)/2 

• ,-,* - 1 F~vcj-d/2. 
n n_ l+(n_l )  d (~/JrflTl_(n_3)dK7 n L_l+(n_l)  d (Z) 

W e  no te  t h a t  L_l+(n_l )  d "~ L - l - d  = L,7. Also,  we have  L*2id = L-2id-1  a n d  

Ll* --1 L '  ~'-2(i-1)d ~;7 : --~7'+2(i-1)d--1--2n "~" L~n-d+2id" 

(4) S u p p o s e  t h a t  l is odd ,  d i s  odd ,  n is odd .  T h e n  ~/ = ~7 ~ = - n - d -  1, 

' ' Define C to  be  mo = m~ = 0, L~, = M ( ~ , + W  2. 

' n * r l *  - 1  ! F @ L v, n (L2i d G/~/,_2(i_l)dtZ7 n L2id Q L~?,_2id) 
l<i<k' 

n L*l+2(k,+l)d ~ ,-i. --1 ! --1 L~,_2k,d~ n L_l+2(k,+l)d @ Lv,+l_2(k,+l)d~ 
• r , *  --1 ! 

N n (L-l+2id ~ /~r/ '+l--2(i-1) dt:U n L-l+2id @ Lv,+l_2id) 
k'+l<i<(n-1)/2 

• I* --1 H L_l+(n_l) d ® L,{+l_(n_3)d~ N L - t + ( n - 1 ) d  ® F ' ~ - ( d + l ) / 2 -  

Th i s  is a n a l o g o u s  to  case  (3). 

(5) S u p p o s e  t h a t  1 is odd ,  d is odd ,  n is even.  T h e n  ~7 = - d -  1, 7/' = - 2 d -  1, 
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I ~ Define C to be mo = 1, rn~) = O, L~, = ~ W'+W2" 

L - n - d - 1  C~ F I 

N n ( L * n - d - t - 2 i d ~ - '  52 L:~,_2.id n L_~_d_l_2( i+t)  d C~ L~*_2id) 
0 < i < k  ~ 

n L_n_d_l_2(k,+l)d~ZY +±, Ln,+l_2(k,+l)d n L_n_d_2(k,+2)d 0 L•,+l_2(k,+l)d 

N n ( L * n - d - 2 i d ~ - l o  L" '+l-2idnL-n-d-2<i+l)  dC` L~*'+ '-2id) 
k'+l<i<n/2-1 

N L*_n_d_2(+ff2_l) d r.:y Fln~ZT-(d+l)/2. 

We note tha t  L*_,+_a_2(n/2_t)d = L,~+d+2(n/:-~)d-t ~ L - d - t  = L,~. We also 
* - - 1  / 

have L_n_d_l_2id~:U -: L_n+d+2id, L~?,_2i d = Lt 2d_l_2id and 

l*  l* [ 
L,~, 2i d-= L 2d_1_2i d =  L2(i+Dd. 

(6) Suppose tha t  1 is odd, d is even, n is odd. Then  ~/= - n - d - 1 ,  ~1 ~ = - d - 1 ,  

I ~ Define C to be m0 = 1, m~ = 0, L~, = ~ ( , '+W2" 

* (7 r ] *  - - 1  / F* (~) L;, N n (n-'*+ 2id :' fl 0 L,7,_2+d) L'~],- 2 ( i -  1)d i:U L - n + 2 i d  

l < i ( M  

* ,~+ r l *  - - 1  I 
n L_n_l+2(k,+l)d (c~ Ln,_2k, d~:U n L_n_l+m(k,+l)d 0 Ln,+t_2(k,++)d 

* r / *  --1 / 
n n ( L n _ l + 2 i  d IL) L,l,+l_2(i_l)d~ N L-n-l+2id ~) Lv,+l-2i d) 

k'+l<i<(n-1)/2 

n L*_,~_I+W_I) d <Z~ L~+l_(n_3)d ~ - 1  N L_n_l+(n_l) d 0 F ~  -d/2. 

Here we just  need to notice tha t  L_n_l+(n_l) a ,'~ L - . - d - 1  = L v. 

So we have proved tha t  B(£ ,L: ,  2d/2n)  C B(.M,./ t4' ,d/n).  Hence, w is an 

element  in B(AJ ,  AA', d/n) .  I t  is clear tha t  jr4 is regular  because £ is regular.  

Now gcd(d, n) = 1 (recall t ha t  d, n is replaced by 2d, 2n in the proof) ,  so ~4 '  

must  be regular by (i) of the proposit ion.  II 
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